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IDENTIFICATION OF SYSTEM FREQUENCY RESPONSE BY
STATISTICAL CORRELATION AND SPECTRAL ANALYSIS
CHAPTER I  
INTRODUCTION
The i n t e l l i g e n t  d e s i g n  o r  a n a l y s i s  o f  any p l a n t  
c o n t r o l  sy s tem  r e q u i r e s  a knowledge, o f  t h e  p l a n t  dynamic '  
c h a r a c t e r i s t i c s .  I n  t h e  a r e a  o f  c h e m ic a l  p r o c e s s e s  t h e  
dynamic c h a r a c t e r i s t i c s  a r e  n o t  r e a d i l y  known e x c e p t  i n  
t h e  more s im p le  c a s e s .  Measurement o f  dynamic r e l a t i o n s h i p s  
t h u s  p l a y s  a  v i t a l  r o l e  i n  t h e  a p p l i c a t i o n  o f  a u t o m a t i c  
c o n t r o l  t o  c h e m ic a l  p r o c e s s e s .
As p a r t  o f  a c o n t r o l  sys tem  t h e  p r o c e s s  t o  be 
c o n t r o l l e d ,  o r  r e g u l a t e d ,  i s  n o r m a l l y  t h e  most s i g n i f i c a n t  
component o f  t h e  sys tem .  The a c c u r a c y  o f  d e s c r i b i n g  i t s  
dynamic c h a r a c t e r i s t i c s  t h e r e f o r e  c o n t r i b u t e s  t o  t h e  
r e s u l t i n g  d e g r e e  o f  c o n t r o l  a t t a i n e d .  I f  a measurement  
method i s  employed t o  o b t a i n  t h i s  knowledge o f  p r o c e s s  
dynam ics ,  t h e n  t h e  r e l i a b i l i t y  o f  t h e  method sh o u ld  be 
e s t a b l i s h e d  t o  a s a t i s f a c t o r y  d e g r e e .
A f t e r  t h e  knowledge o f  dynamics  i s  g a i n e d ,  t h e  
d e s i g n  o r  a n a l y s i s  p rob lem can be m e t .  A h o s t  o f  t e x t b o o k s
1
2and p a p e r s  i n  t h e  l i t e r a t u r e  a r e  d e v o t e d  t o  t h e s e  a s p e c t s  
and t h e y  a r e  n o t  t o  be t r e a t e d  h e r e i n .  In  t h e  c a s e  of  
l i n e a r ,  t i m e - i n v a r i a n t  s y s te m s ,  t h e  e n t i r e  c o n t r o l  system 
and i t s  p a r a m e t e r s  can be s p e c i f i e d  t h r o u g h  t h e  use  of  
. a n a l y t i c a l  t e c h n i q u e s .  For- many s y s t e m s ,  b o t h  n o n - l i n e a r  
and t i m e - v a r y i n g ,  a n a l o g  computer  s i m u l a t i o n  p rov ide .s  a 
u s e f u l  means o f  s t u d y i n g  t h e  c o n t r o l  p rob lem .
F u r th e r m o r e ,  advanced  c o n c e p t s  o f  c o n t r o l  a r e  made 
p o s s i b l e  t h r o u g h  t h e  knowledge o f  dy n am ics .  Computer 
c o n t r o l  u t i l i z i n g  f e e d f o r w a r d  p r i n c i p l e s  combined w i t h  t h o s e  
o f  f e e d b a c k  can be e s t a b l i s h e d .  Computer  c o n t r o l  s y s t e m s ,  
t e rm e d  " a d a p t i v e , ” can be programmed t o  employ a p e r i o d i c  
m easurement  o f  p r o c e s s  dynamics  i n  o r d e r  t o  f o l l o w  t h e i r  ■ 
t im e  v a r y i n g  c h a r a c t e r i s t i c s  and t h u s  can be programmed t o  
p r o v i d e  c o n t i n u a l  o p t i m a l  c o n t r o l  a c t i o n .  A n o th e r  a t t a c k  
en co m p ass in g  b o t h ' o f  t h e  above c o n c e p t s  i s  s t a t i c  and 
dynamic o p t i m i z a t i o n  by computer  c o n t r o l  u s i n g  t h e  "dynamic 
programming" t e c h n i q u e s  o f  Bellman- ( 2 ) ,
Knowledge o f  p r o c e s s  dynamics  may be d e t e r m in e d  
p o s s i b l y  i n  two m an n ers .  F i r s t ,  a t h e o r e t i c a l  model  may 
o f t e n  g iv e  s a t i s f a c t o r y  r e s u l t s .  M a th e m a t i c a l  m odels  i n  t h e  
fo rm  o f  d i f f e r e n t i a l  e q u a t i o n s  can be o b t a i n e d  t h r o u g h  t h e  
a p p l i c a t i o n  o f  t h e  a p p r o p r i a t e  m ass ,  e n e r g y ,  and momentum 
b a l a n c e s .  P a r a m e t e r s  o f  t h e s e  e q u a t i o n s  can be o b t a i n e d  
f rom  e q u i l i b r i u m  r e l a t i o n s ,  r a t e  c o n s t a n t s ,  p h y s i c a l  
p r o p e r t i e s ,  and  d im e n s io n s  o f  t h e  sy s te m s  t o  c om ple te  t h e
3m a t h e m a t i c a l  m o d e l .  However, u n l e s s  c o n s i d e r a b l e  e x p e r i e n c e  
o f  r e p r e s e n t i n g  s i m i l a r  p r o c e s s e s  i n  t h i s  manner  h a s  been  
a c c u m u l a t e d ,  t h e  model  may n o t  r e p r e s e n t  t h e  p r o c e s s  
s a t i s f a c t o r i l y .  The second  d e t e r m i n a t i o n ,  t h a t  o f  an a c t u a l  
m easu rem en t  m e thod ,  r e m a in s  a s  t h e  o n ly  p o s i t i v e  c h eck .
S e v e r a l  d i f f e r e n t  t y p e s  o f  methods  f o r  m e a s u r in g  
p r o c e s s  dynam ics  a r e  p o s s i b l e .  C e r t a i n l y  an i n v e s t i g a t o r  
m ig h t  employ v a r i a t i o n s  of.  any'  one method he has  fo u n d  t o  be 
a d v a n t a g e o u s .  Yet t h e  measurem ent  methods  m igh t  be 
b a s i c a l l y  c l a s s i f i e d  a s  (1) t h e  o r i g i n a l ,  d i r e c t  s i n u s o i d a l  
r e s p o n s e ,  (2) e m p i r i c a l  t im e  r e s p o n s e  f i t t i n g  t e c h n i q u e s ,
(3)  t h e  p u l s i n g  F o u r i e r  t r a n s f o r m  method,  and (4) t h e  
s t a t i s t i c a l  c o r r e l a t i o n  and s p e c t r a l  a n a l y s i s  method.
C r i t i c a l  f a c t o r s  a f f e c t i n g  t h e  s e l e c t i o n  o f  a  method a r e  
t h e  d i s t u r b a n c e s  im p a r t e d  t o  p r o c e s s  o p e r a t i o n  and t h e  
.. d e s i r e d  a c c u r a c y  and form o f  t h e  r e s u l t s .  O th e r  f a c t o r s  may 
be t h e '  a v a i l a b l e  m e a s u r in g  and r e c o r d i n g  equipm ent  and t h e  
a v a i l a b l e  com pu t ing  f a c i l i t i e s .
Each o f  t h e  above h a s  i t s  p a r t i c u l a r  a d v a n t a g e s  
and d i s a d v a n t a g e s .  The s i n u s o i d a l  method,  a l t h o u g h  s im p le  
and a c c u r a t e  when n o i s e  s i g n a l s  can be m in im iz e d ,  i n v o l v e s  
r e l a t i v e l y  lo n g  p e r i o d s  o f  t e s t i n g  w hich  a r e  u p s e t s  t o  
n o r m a l  o p e r a t i o n .  The e m p i r i c a l  t im e  r e s p o n s e  f i t t i n g  
m e th o d s  can  be made q u i c k l y  and w i t h  l i t t l e  t e s t i n g  equ ipm ent  
r e q u i r e d ,  b u t  t h e s e  r e s u l t s  s e r v e  o n ly  a s  a p p r o x i m a t i o n s .  
P u l s e  t e s t i n g  (13)  r e q u i r e s  a  r e l a t i v e l y  s h o r t  t e s t i n g
4p e r i o d  and  y i e l d s  a c c u r a t e  r e s u l t s  when n o i s e  s i g n a l s  a r e  n o t  
p r e s e n t .  A l l  o f  t h e s e  m ethods  r e q u i r e  s p e c i f i c  i n p u t  
f u n c t i o n s  and a r e  a p p l i c a b l e  o n l y  t o  l i n e a r  s y s te m s .
However,  f r e q u e n c y  r e s p o n s e  d e s c r i p t i o n  i t s e l f ,  a s  one form 
o f  e x p r e s s i n g  p r o c e s s  dy n am ics ,  i s  s i g n i f i c a n t  o n ly  f o r  
l i n e a r  s y s t e m s .
The f o u r t h  method ,  s t a t i s t i c a l  c o r r e l a t i o n  and 
s p e c t r a l  a n a l y s i s ,  makes u se  o f  random i n p u t  v a r i a b l e s  and 
p l a c e s  r e q u i r e m e n t s  o n l y  on t h e  s t a t i s t i c a l  n a t u r e  o f  t h e  
i n p u t  v a r i a b l e s .  A t t r a c t i v e  f e a t u r e s  a r e  t h a t  s p e c i a l  t e s t  
s i g n a l s  may n o t  be need ed  t o  d i s t u r b  t h e  p r o c e s s  o p e r a t i o n  
and t h a t  t h e  e f f e c t  o f  t h e  unwanted  p r o c e s s  " n o i s e "  may be 
made n e g l i g i b l e .  T h e r e f o r e ,  t h e  method p r o v i d e s  t h e  p o t e n t i a l  
o f  m e a s u r in g  dynamic c h a r a c t e r i s t i c s  f rom t h e  p r o c e s s  
v a r i a b l e s  r e c o r d e d  d u r i n g  n o rm a l  p l a n t  o p e r a t i o n .
These a r e  d e c i d e d  a d v a n t a g e s  where l a r g e ,  complex 
p r o c e s s i n g  equ ipm ent  a r e  c o n c e r n e d .  - Dynamic t e s t i n g  which  
l e a d s  t o  o f f - s p e c i f i c a t i o n  p r o d u c t s ,  can be r a t h e r  e x p e n s iv e  
when t h e r e  a r e  l a r g e  t h r o u g h p u t s .  Even when such  t e s t s  a r e  
a l l o w a b l e ,  t h e  e x p e r i m e n t e r  n o r m a l l y  f i n d s  few s i n g l e  i n p u t - -  
s i n g l e  o u t p u t  r e l a t i o n s h i p s  b u t  r a t h e r  p r o c e s s e s  h a v in g  a 
h o s t  o f  i n t e r r e l a t e d  v a r i a b l e s .
One example  o u t  o f  many e x i s t i n g  i n  t h e  c h e m ic a l  
and p e t r o l e u m  i n d u s t r i e s  i s  t h e  d i s t i l l a t i o n  column. I f ,  f o r  
i n s t a n c e ,  t h e  dynamic r e l a t i o n s h i p  be tween  r e b o i l e r  s team 
f l o w  r a t e  and  a n a l y s i s  o f  a  l i g h t  key  component i n  t h e  bo t to m
5p r o d u c t  were d e s i r e d ,  a  number o f  o t h e r  p r o c e s s  v a r i a b l e s  
c o u ld  s i m u l t a n e o u s l y  a f f e c t  t h e  r e s p o n s e .  Such v a r i a b l e s  
m igh t  be column p r e s s u r e ,  f e e d  r a t e ,  f e e d  c o m p o s i t i o n ,  
r e f l u x  r a t i o ,  s team p r e s s u r e  and  q u a l i t y ,  and s e v e r a l  o t h e r s .
A nother  a d v a n ta g e  o f  t h e  c o r r e l a t i o n  method i s  t h a t  
when a p p l i e d  t o  n o n - l i n e a r  sy s tem s  t h e  r e s u l t s  a r e  t h o s e  o f  
a l i n e a r  f i t  which  i s  t h e  b e s t  i n  a l e a s t  s q u a r e s  s e n s e .
In  t h e o r y  t h e  c o r r e l a t i o n  method shows e x c e l l e n t  
p o t e n t i a l ,  b u t  some p rob lem s  e x i s t  y e t  i n  i t s  p r a c t i c a l  
a p p l i c a t i o n .  E x p e r i e n c e  w i t h  t h e  method h as  been  r e p o r t e d  
i n  a few . .p revious  p a p e r s ,  b u t  t h e  r e s u l t s  have been somewhat 
i n c o n c l u s i v e .  The p r e s e n t  work h a s  been  u n d e r t a k e n  i n  o r d e r  
t o  c o n t r i b u t e  t o  a d a p t a t i o n  o f  t h i s  method a s  one o f  dynamic 
a n a l y s i s  o f  c h e m i c a l ,  p e t r o l e u m ,  and o t h e r  p r o c e s s e s  where 
t e s t i n g  u n d e r  n o rm a l  o p e r a t i n g  c o n d i t i o n s  i s  d e s i r a b l e .
CHAPTER I I  
REVIEW OF THEORY 
H i s t o r y
Methods o f  h a rm o n ic ,  o r  f r e q u e n c y  a n a l y s i s  o f  
p e r i o d i c  and a p e r i o d i c  f u n c t i o n s  have been  employed a s  f a r  
back  a s  F o u r i e r ’ s o r i g i n a l  work i n  1882.  A f r e q u e n c y  
r e s p o n s e  a p p r o a c h  t o  f e e d b a c k  c o n t r o l  sy s te m s  p r o b a b l y  
s t a r t e d  w i t h  a p a p e r  i n  1932 by H. N y q u i s t  c o n c e r n i n g  t h e  
s t a b i l i t y  o f  f e e d b a c k  a m p l i f i e r s .  The r e a l  im p e tu s  f o r  
u s i n g  t h e s e  t e c h n i q u e s  came d u r i n g  World War I I .  C o n t r i ­
b u t i o n s  were c e n t e r e d  upon gun f i r e - c o n t r o l  p ro b le m s  w i t h  
t h e i r  e l e c t r o n i c ,  h y d r a u l i c ,  and m e c h a n i c a l  servom echan ism  
com ponen ts .  F o l l o w i n g  t h e  w a r ,  a p p l i c a t i o n s  were  made 
r a p i d l y  t o  o t h e r  a r e a s .  However, n o t  u n t i l  a b o u t  1953 d i d  
t h e  l i t e r a t u r e  b e g i n  t o  show many c o n t r i b u t i o n s  t o  t h e  
dynam ics  and f r e q u e n c y  r e s p o n s e  o f  c h e m ic a l  p r o c e s s i n g  
equ ipm ent  f o r  t h e  d e s i g n  o f  f e e d b a c k  c o n t r o l s .  At t h e  
p r e s e n t  t i m e ,  many s i g n i f i c a n t  c o n t r i b u t i o n s  a r e  b e i n g  made.
T h e o r e t i c a l  d e v e lo p m e n t s  c o n c e r n i n g  random t im e  
f u n c t i o n s  have come somewhat l a t e r  t h a n  w i t h  t h e  d e t e r m i n i s t i c  
v a r i a b l e s .  A l a r g e  p a r t  o f  t h e  t h e o r y  o f  f r e q u e n c y  a n a l y s i s
7o f  random t im e  f u n c t i o n s  can  be a t t r i b u t e d  t o  N. W ein e r ,
I n  1930 h i s  p a p e r s  c o n c e r n i n g  Brownian  m o t io n  t i t l e d  
" G e n e r a l i z e d  Harmonic A n a l y s i s "  and p u b l i s h e d  i n  Acta  
M a th e m a t i c a  p r o v i d e d  a m a t h e m a t i c a l  b a s i s  f o r  t h e  f r e q u e n c y  
a n a l y s i s  o f  random p r o c e s s e s .  An i m p o r t a n t  p a p e r  was 
p u b l i s h e d  by Kolmogorov (16) i n  R u s s i a  i n  1941, b u t  i t  i s  
W e i n e r ’ s l a t e r  work (29) i n  1949 w hich  i s  g iv e n  b ro a d  
c r e d i t  ( a t  l e a s t  i n  t h e  U n i t e d  S t a t e s )  f o r  i n f l u e n c i n g  most 
o f  t h e  modern d e v e lo p m e n t s  i n  b o t h  communica t ion  t h e o r y  and 
i n f o r m a t i o n  t h e o r y .  S t a t i s t i c a l  f i l t e r i n g  and p r e d i c t i o n  
t h e o r y  was a p a r t  o f  t h i s  work .  As an i m p o r t a n t  implemen­
t a t i o n  o f  W e in e r ’ s work,  Lee (20 ,  21) showed, i n  1950,  a 
t r e a t m e n t  o f  random f u n c t i o n s  e s p e c i a l l y  f o r  t h e  d e t e r m i n a t i o n  
o f  s y s te m  d y n a m ic s .  S in c e  t h a t  t im e  i n t e r e s t  and l i t e r a t u r e  
c o n t r i b u t i o n s  on t h i s  s u b j e c t  have c o n t i n u a l l y  grown and a r e  
g i v e n  a c c o u n t  o f  i n  C h a p te r  IV.
Dynamic System s
Time R e l a t i o n s h i p s
The p u r p o s e  i n  p r e s e n t i n g  t h e  f o l l o w i n g  d i s c u s s i o n  
i s  t o  p o i n t  o u t  t o  t h e  r e a d e r  t h e  t h e o r y  c o n c e r n i n g  t h e  
e x p e r i m e n t a l  work d e s c r i b e d  i n  l a t e r  p a r t s  h e r e i n .  A 
number o f  e x c e l l e n t  t e x t s  (7 ,  I 4 , 2 5 , 28) d e a l  w i t h  t h e s e  
p o i n t s  i n  d e t a i l .  T h i s  d i s c u s s i o n  w i l l  summarize a p p l i c a b l e  
r e l a t i o n s h i p s  and d e f i n i t i o n s ' .  Many o f  t h e  f o l l o w i n g  
r e l a t i o n s h i p s  were  o r i g i n a l l y  c o n c e iv e d  by e l e c t r i c a l  
e n g i n e e r s  i n  c o n j u n c t i o n  w i t h  e l e c t r i c a l  f i l t e r s  and l a t e r
t o  s e rv o m e c h a n ism s .  The l a n g u a g e  o f  m a th e m a t i c s ,  however ,  
i s  a  common one and t h e s e  r e l a t i o n s  can be a p p l i e d  t o  many- 
d i f f e r e n t  s y s t e m s .  Such s y s te m s  m ight  h e  c o n s t r u e d  t o  be 
a n y t h i n g  from s im p le  m e c h a n i c a l  d e v i c e s  t o  complex c h e m ic a l  
p r o c e s s i n g  p l a n t s .
A most c o n v e n i e n t l y  h a n d le d  sys tem  i s  one which  can 
be r e p r e s e n t e d  by a  c o n s t a n t  c o e f f i c i e n t ,  o r d i n a r y  d i f f e r e n ­
t i a l  e q u a t i o n  a s
c d ^ y ( t )  + c d'^ \ { t )  + ---------+ c y ( t )  = x ( t )n m " J- o f ~\ \
dt% d t " - i
where  x { t )  i s  an i n p u t ,  o r  d r i v i n g ,  f u n c t i o n  and y ( t )  i s  t h e  
o u t p u t , o r  r e s p o n s e .  When t h e  c o e f f i c i e n t s ,  Cj_, above a r e  
c o n s t a n t s ,  t h e  sy s tem  i s  s a i d  t o  be l i n e a r ,  t i m e - i n v a r i a n t .  
The sys tem  h a s  t h e  p r o p e r t y  t h a t  f o r  e v e r y  p a i r  o f  i n p u t s ,  
x ^ ( t ) ,  Xg f t )  and c o r r e s p o n d i n g  o u t p u t s  y ^ ( t ) ,  y g f t ) ,  t h e  
i n p u t  a  + b p r o d u c e s  an o u t p u t  a
b | j 2 ( t ^  * t h e  e f f e c t s  p ro d u c e d  by a  number o f  i n p u t s
can be su p e r im p o se d .  Because  o f  t h i s  p r o p e r t y  o f  s u p e r ­
p o s i t i o n ,  t h e  c o n v o l u t i o n  r e l a t i o n s h i p
y ( t )  = f  h ( t  -  t ) x ( t ) dT (2)
J~oo
a l s o  h o l d s .  A f t e r  a change o f  v a r i a b l e ,  t h e  c o n v o l u t i o n  
i n t e g r a l  can  a l s o  be w i / i t t e n  a s '
r100y ( t )  = I h ( T)  x ( t  - T ) d T  ( 3 )
9The w e i g h t i n g  f u n c t i o n ,  h ( T ) ,  i s  a l s o  t h e  u n i t  
im p u lse  r e s p o n s e  o f  t h e  sy s tem .  I f ,  i n  E q u a t i o n  (1) t h e  
i n p u t  x ( t )  i s  D i r a c ’ s d e l t a  f u n c t i o n  o c c u r r i n g  a t  t  = 0,  
o r  6 ( t ) ,  t h e  s o l u t i o n  o f  E q u a t i o n  (1)  i s  y ( t )  -  h ( t ) .
Thus,  h ( t )  i s  a c h a r a c t e r i s t i c  o f  t h e  sys tem  which  u n i q u e l y  
d e s c r i b e s  t h e  sys tem  b e h a v i o r  f o r  any i n p u t  t h r o u g h  t h e  
use  o f  E q u a t i o n  (2) o r  (3)* F o r  a l l  p h y s i c a l l y  r e a l i z a b l e  
s y s te m s ,  h ( t )  h as  t h e  p r o p e r t y  t h a t  i t  i s  z e ro  f o r  a l l  
n e g a t i v e  v a l u e s  o f  i t s  a rg u m en t ;  o t h e r w i s e ,  t h e  sys tem  
would p roduce  an e f f e c t  b e f o r e  t h e  c o r r e s p o n d i n g  c a u s e .  
A lso ,  t h e  sys tem  i s  s t a b l e  i frJ-oo ! h ( t  ) d t  < c o n s t a n t  < % (4 )
A sys tem  can be te rm e d  a s  " l i n e a r "  by t h e  d e f i n i t i o n  o f  
s u p e r p o s i t i o n  ab o v e .
F r e q u e n c y  Response.
The F o u r i e r  t r a n s f o r m  o f  t h e  im p u lse  r e sp o n s e ^
00/ W
h ( t ) e " J ^ ^ d t  (5)
00
e x i s t s  f o r  s t a b l e  sy s tem s  and i t  i s  c a l l e d  t h e  f r e q u e n c y  
r e s p o n s e  f u n c t i o n .  T h is  f u n c t i o n  i s  t h e  r e s p o n s e  o f  t h e  
sys tem  t o  a s i n u s o i d a l  i n p u t  o f  f r e q u e n c y ,  w . T h e . l i n e a r  
t i m e - i n v a r i a n t  sy s tem  i s  u n i q u e l y  c h a r a c t e r i z e d  by t h e  
f r e q u e n c y  r e s p o n s e  f u n c t i o n  s i n c e  i t s  r e s p o n s e  t o  a 
s i n u s o i d  i s  a p u re  s i n u s o i d  o f  t h e  same f r e q u e n c y .  One o f  
t h e  s i m p l e s t  ways t o  c a t a l o g  t h e  sy s tem  dynam ics  i s  t o  t e s t
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and r e c o r d  t h e  p r o c e s s  f r e q u e n c y  r e s p o n s e  by d i r e c t  s i n u s o i d a l  
t e s t i n g .
I f  t h e  i n p u t  f u n c t i o n ,  x ( t ) ,  f u l f i l s  t h e  c o n d i t i o n  
o f  E q u a t i o n  (4)> i t s  F o u r i e r  t r a n s f o r m ,  X(w) ,  e x i s t s  and 
E q u a t i o n  (2) o r  (3) can be t r a n s f o r m e d  t o  y i e l d
T ( w )  =  H ( c o )  .  X ( w )  ( 6 )
o r
H ( w )  =  Y ( u )
X(w 1 • (7)
T h i s  r e l a t i o n s h i p  i s  t h e  b a s i s  on which  p u l s e  t e s t i n g  (13)  
i s  c a r r i e d  o u t .  A p u l s e  y i e l d i n g  an a p p r o p r i a t e  t r a n s f o r m  
i s  u s e d  a s  t h e  i n p u t  and t r a n s f o r m s  a r e  co n p u te d  n u m e r i c a l l y  
f rom  t h e  r e c o r d e d  i n p u t  and o u t p u t  f u n c t i o n s  t o  y i e l d  H(w).
The La p lace  t r a n s f o r m  o f  t h e  im p u lse  r e s p o n s e  i s ,  
o f  c o u r s e .
i00H( s) = I e h ( t ) d t  (Ô)
T h is  f u n c t i o n  i s  u s u a l l y  c a l l e d  t h e  p r o c e s s  t r a n s f e r  
f u n c t i o n .  In  t h e  same p r o c e d u r e  a s  ab o v e ,  i t  can be shown 
t h a t  i t  i s  t h e  r a t i o  o f  t r a n s f o r m s  o f  o u t p u t  t o  i n p u t  
v a r i a b l e ,  a s
H(s ,  = 1 ^  (9)
I t  i s  o f t e n  c o n v e n i e n t  t o  d e t e r m in e  t h i s  f u n c t i o n
a p p r o x i m a t e l y  f rom t h e  f r e q u e n c y  r e s p o n s e  t e s t i n g  r e s u l t s
by co m p a r i so n  w i t h  v a r i o u s  assumed f u n c t i o n s  o f  l im  H( s ) j  .
s->5w
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S t a t i s t i c a l  Theory  
Dynamic sy s te m s  a r e  o f t e n  u n d e r  t h e  i n f l u e n c e  o f  
v a r i a b l e s  which, a r e  n o n - d e t e r m i n i s t i c ,  o r  random, i n  n a t u r e .  
That  i s ,  f u t u r e  v a l u e s  c a n n o t  be e n t i r e l y  p r e d i c t e d  i n  l i g h t  
o f  t h e  p a s t .  In  t h e  c h e m i c a l  i n d u s t r y  an abundance  o f  such  
f u n c t i o n s  o c c u r s  a s  l o a d  d i s t u r b a n c e s  t o  c o n t r o l  s y s t e m s .  
These can o c c u r  i n . t h e  fo rm  o f  f e e d  c o m p o s i t i o n s  o r  f l o w  
r a t e s ,  a s  " n o i s e "  g e n e r a t e d  w i t h i n  t h e  p r o c e s s  (from 
t u r b u l e n c e ,  f o r  e x a m p le ) ,  o r  even a s  am bien t  w e a th e r  
c h a n g e s .  These random f u n c t i o n s  a r e  o f t e n  b e s t  d e s c r i b e d  
by t h e i r  s t a t i s t i c a l ,  oi' a v e r a g e d ,  c h a r a c t e r i s t i c s .  F o r  
c o m p reh en s iv e  t r e a t m e n t s  on s t a t i s t i c a l  t h e o r y ,  t h e  r e a d e r  
i s  r e f e r r e d  t o  t h e  work o f  Cramer ( 4 ) and b a n n in g  and 
B a t t i n  ( I Ô ) .
P r o p e r t i e s  o f  Random P r o c e s s e s  
A random p r o c e s s  can  be c o n s i d e r e d  a s  an ensem ble  
o r  c o l l e c t i o n  co m p r is ed  o f  f u n c t i o n s  o f  t i m e .  F o r  t h i s  
en s e m b le ,  t h e r e  e x i s t  p r o b a b i l i t y  d i s t r i b u t i o n  f u n c t i o n s ,  
a l t h o u g h  i t  may be d i f f i c u l t  t o  compute many o f  t h e s e
p r o b a b i l i t i e s .  The p r o b a b i l i t y  t h a t  i n  t h e  s e t  o f  f u n c t i o n s
^ x ( t ) j  t h a t  t h e  v a r i a b l e  Xq_ = x f t ^ )  h as  a  v a l u e  e q u a l  t o  o r
l e s s  t h a n  X]_ a t  t im e  t i s  e x p r e s s e d  a s
F i ( x i ,  t 3_) = P r  (X^ Z  x^)  (10)
and i s  c a l l e d  t h e  f i r s t  p r o b a b i l i t y  d i s t r i b u t i o n  f u n c t i o n .
I t  h a s  t h e  p r o p e r t i e s  t h a t
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F^_( = 0 (11)
F ^ i  + 0 0 , t ^ )  = 1 (12)
A p r o b a b i l i t y  d e n s i t y  f u n c t i o n  i s  a l s o  d e f i n e d  a s  
f j  (x^* ^1^ ~ ^ F j^(xq ,^ 1 2)
(13)
i f  Fj^(x3_, t j )  i s  d i f f e r e n t i a b l e .  The p r o b a b i l i t y  d e n s i t y  
f u n c t i o n  i s  t h e  p r o b a b i l i t y  t h a t  x ( t ^ )  i s  g r e a t e r  t h a n  x ^ ,  
and  l e s s  t h a n  o r  e q u a l  t o  xq + dx]_, o r
Pr  jx^ < x ( t ^ )  ^  x^  + d x ^  = f 2 (x-]_,t-j_)dx2 (14)
The p r o b a b i l i t y  d e n s i t y  h as  t h e  p r o p e r t y  of  
b
f l ( x i , t i )  dx^ = F (b ,  t ^ )  -  F ^ j a / t ^ )  (15)




f2_(x2_,tj)dx2^ = 1 (16)
-00
The n - t h  moment o f  s e t  | x ( t ) j  i s
00
x ( t . ) ^  = j  x^ f ( x , t ) d x  = E [ x ( t ) ^ ]  (17)
E | x ( t ) ^ j  i s  t h e  mean v a l u e ,  o r  e x p e c t a t i o n  o v e r  a l l  f u n c t i o n s  
o f  t h e  s e t  | x ( t ) j  . The f i r s t  moment, x ( t ) ,  i s  t h e  mean v a lu e
o r  e x p e c t a t i o n  o f  x ( t )  a s
100
I
X ( t )  = f  X f  ( x , t ) d x  (18)
The second  moment i s  t h e  mean s q u a re  v a l u e
, 00
x ^ ( t )  = 1  x ^ f ( x , t ) d x .  ( 1 9 )
•Loo
and  i s  t h e  v a r i a n c e ,  i f  t h e  mean v a l u e  i s  z e r o .
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A second p r o b a b i l i t y  d i s t r i b u t i o n  f u n c t i o n  may a l s o  
be used  i n  t h e  d e s c r i p t i o n  o f  t h e  random p r o c e s s .  T h is  
f u n c t i o n  i s  a .1 o i n t  p r o b a b i l i t y  f o r  two random v a r i a b l e s ,  
s a y  X]_ = x(tj_)  and Xg = x ( t 2 ) ,  where and t 2 a r e  a r b i t r a r y  
. f i x e d  v a l u e s  of  t-, a s
F 2 ( x i , t i : x 2 , t 2 )  = Pr(X2 — -  ^2^
= P r ( x ( t ^ )  2  x^ :  x f t g )  -  Xg) (20)
A c o r r e s p o n d i n g  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  i s
.  2
f 2 ( x i , t i : x 2 , t 2 )  = __à  F 2 ( x i , t i : X 2 , t 2 )  (21)
when t h i s  d e r i v a t i v e  e x i s t s .  The j o i n t  d i s t r i b u t i o n  
f u n c t i o n  h a s  p r o p e r t i e s  t h a t  i n  p a i r s  o f  v a r i a b l e s  ( x ^ j t ^ )  
and (Xg, t g ) .
and a l s o  t h a t
F g ( x i , t i :  + GO , t g )  = Fj_(x3_,tj^) (23)
The g e n e r a l  moments may now be d e f i n e d  a s
<^ik  = E | x i ' - ( t i )
00 i»00 . -
i  k
^ 1  ^2 ^ 2 ( ^ 1 * ^ 1 ' ^ 2 ' ^ 2 ) ^ ^ 2 ^ ^ 1  (24) '
The f u n c t i o n  01q.]_ w i l l  be o f  s p e c i a l  i n t e r e s t  and i s  d e f i n e d  ■ 
a s  t h e  c o r r e l a t i o n  f u n c t i o n .  I t  i s  u s u a l l y  g i v e n  the, symbol 
^ x x ( ^ l * ^ 2 ^  t h e  ensemble  a v e r a g e  o f  t h e  random p r o c e s s
I* .0
J-co J-cc
x ( t ^  and f rom E q u a t i o n  (24)  i s
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00
^1^2^2 ( X i » t ^ : x 2 , t 2 )  dxg dxn (25)
/-oo
L ik e w is e ,  a •’c r o s s - c o r r e l a t i o n ” f u n c t i o n  be tween two random 
p r o c e s s e s ,  x ( t )  and y ( t )  may. be d e f i n e d  as  
0 x y ( " l * ^ 2 )  = E [ x ( t i )  y ( t 2 ) ]
/ 7v-oa J-cc
M  CO . 00
I / xy f i i ^ * ' ^ ^ ( x , t ^ : y , t 2 )dy dx (26) 
•r-00 J-00
where  ( x , t ] _ : y , t 2 ) i s  t h e  most  e l e m e n t a r y  j o i n t
p r o b a b i l i t y  d e n s i t y  f u n c t i o n  be tw een  x ( t )  and y ( t ) .
C o r r e l a t i o n  f u n c t i o n s  have  t h e  p r o p e r t y  t h a t  f o r  random 
f u n c t i o n s  where t h e  t im e  d i f f e r e n c e  ( t 2 -  i s  l a r g e  t h e  
c o r r e l a t i o n  f u n c t i o n  o f  x ( t ) ,  o r  " a u t o c o r r e l a t i o n , ” becomes
0 x x ^ ^ 2 » ^ l ^  = E j x ( t ^ )  x ( t 2 ^  = E [ x ( t ^ ) J  E [ ^ ( t g ^  (2?)
b e c a u s e  t h e  two become s t a t i s t i c a l l y  i n d e p e n d e n t .  I f  t h e  
mean v a l u e s  a r e  z e r o ,  t h e n  t h e  c o r r e l a t i o n  f u n c t i o n  becomes 
z e r o .  C ro ss  c o r r e l a t i o n s  have t h i s  i d e n t i c a l  p r o p e r t y .
In  a manner  s i m i l a r  t o  t h e  j o i n t ,  o r  s eco n d ,  
p r o b a b i l i t y  d i s t r i b u t i o n  f u n c t i o n ,  t h i r d  and h i g h e r  o r d e r  
d i s t r i b u t i o n  f u n c t i o n s  may be d e f i n e d .  O b v io u s ly ,  a s  t h e  
h i g h e r  o r d e r  d i s t r i b u t i o n s  a r e  known, more i s  known a b o u t  
t h e  s t a t i s t i c a l  c h a r a c t e r i s t i c s  o f  t h e  random p r o c e s s .  F o r  
t h e  c a s e  where  two o r  more d i f f e r e n t  random p r o c e s s e s  a r e  
c o n s i d e r e d  t o g e t h e r ,  j o i n t  p r o b a b i l i t y  d i s t r i b u t i o n  o f  a 
h i g h e r  a r b i t r a r y  o r d e r  may a l s o  be c o n s i d e r e d .
S t a t i o n a r y  Random P r o c e s s e s . I n  many p r a c t i c a l  
s i t u a t i o n s ,  t h e  s t a t i s t i c a l  c h a r a c t e r i s t i c s  do n o t  change
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w i t h  t i m e .  I f  t h i s  c r i t e r i a  i s  m et ,  t h e  random p r o c e s s  i s  
s a i d  t o  be " s t a t i o n a r y . "  There  a r e  a number o f  im p o r t a n t  
p r o p e r t i e s  o f  such  s t a t i o n a r y  p r o c e s s e s .  The mean, or  
e x p e c t e d ,  v a l u e  d o es  n o t  change u n d e r  a t r a n s l a t i o n  i n  t h e  
t i m e  a x i s ,  o r
E ^ ( t l ]  = E j ^ { t  + Tjl (28)
The j o i n t  p r o b a b i l i t y  d i s t r i b u t i o n  f u n c t i o n s  t h e n  depend 
o n l y  upon t im e  d i f f e r e n c e s  i n  t h e  e v e n t s  s p e c i f i e d ,  a s
F 2 ( x i , t i ,  X g / tg )  = F 2 ( x ^ , 0 :  X2,t2~t2_) (29)
a n d ,  s i m i l a r l y ,  t h i s  r e l a t i o n  h o l d s  f o r  t h e  h i g h e r  o r d e r
j o i n t  d i s t r i b u t i o n s  o f  a s t a t i o n a r y  random p r o c e s s .  Fo r
c o r r e l a t i o n  f u n c t i o n s ,  t h e  s t a t i o n a r y  p r o p e r t y  a l l o w s
when t g  - t j = T ,
E r g o d i c  P r o p e r t y . ' F o r  a s t a t i o n a r y  random p r o c e s s ,  
an a s s u m p t io n  i s  f r e q u e n t l y  m a d e . t h a t  a v e r a g e s  made o v e r  an 
ensem ble  o f  f u n c t i o n s  a r e  e q u i v a l e n t  t o  t h e  t im e  a v e r a g e s  of  
one r e p r e s e n t a t i v e  f u n c t i o n  o f  t h e  e n sem b le .  T h is  c o n d i t i o n  
i s ,k n o w n  a s  t h e  " e r g o d i c "  p r o p e r t y .  When t h i s  p r o p e r t y  i s  
v a l i d ,  some v a l u a b l e  r e l a t i o n s h i p s  can be made a s  i n  t h e  
f o l l o w i n g .
fx( tT)  = 1  X f . ( x , t )  dx  = l i m _1  I 
^  JLoo 2T J - j
T
E | t ) | - , ( x , t x ( t  + T ) d T  (31)
T->oo t




E | x ( t ) x ( t  + = 0  (T) = l i m 1_ r  x ( t ) x ( t  + T ) d t
L- , - I  ' X X  T-)-oo 2T J  „
(33)
C o r r e l a t i o n  F u n c t i o n s . The a u t o c o r r e l a t i o n  f u n c t i o n ,  
^ x x ( ^ )  * o f  an e r g o d i c  random p r o c e s s  a s  d e f i n e d  i n  E q u a t io n  
(33)  h a s  some i n t e r e s t i n g  and u s e f u l  p r o p e r t i e s .  When t h e  
d e l a y  t i m e , T , i s  z e r o ,
0 ^ ( 0 )  = (34)
t h e  c o r r e l a t i o n  f u n c t i o n  i s  t h e  m ea n -sq u a re  v a l u e .  This  
v a l u e  a l s o  h a s  t h e  p r o p e r t y  t h a t
9^xx<°) =  <35)
The a u t o c o r r e l a t i o n  f u n c t i o n  i s  an even f u n c t i o n  and when 
i t  h a s  a  s h a r p  peak  a t  t h e  o r i g i n  t h e  view may be t a k e n  t h a t
x ( t )  i s  n o t  c o r r e l a t e d  w i t h  i t s e l f  w e l l  a t  t h e  t i m e ,  t
The c o n v e r s e  may be v i s u a l i z e d  a l s o .
The c r o s s - c o r r e l a t i o n  f u n c t i o n  be tween two e r g o d i c  
random p r o c e s s e s  can be e x p r e s s e d  a s
: r
T-^00 2T J .T
and i s  n o t  n o r m a l l y  an even  f u n c t i o n .  From t h i s  e q u a t i o n  i t  
can be seen  a l s o  t h a t
<&y<''> '  ‘5^yx<-5^) (37)
Power S p e c t r a l  D e n s i t y . I t  i s  o f t e n  u s e f u l  t o  
. t r e a t  s i g n a l s  i n  t h e  f r e q u e n c y  domain by means o f  a F o u r i e r  
a n a l y s i s .  F o r  p e r i o d i c  s i g n a l s  a d i s c r e t e  s e t  o f  c o e f f i c i e n t s  
\ r e p r e s e n t i n g  harm onic  a m p l i t u d e s  i n  a  F o u r i e r  s e r i e s  can be 
o b t a i n e d .  F o r  n o n - p e r i o d i c  (and  n o n - s t o c h a s t i c )  s i g n a l s ,  a
(^xy(T)  = l im  1^ J  x ( t )  y ( t  + T ) d t  (36)
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c o n t i n u o u s  sp ec t ru m  r e p r e s e n t a t i o n  may be found  i f  t h e  
F o u r i e r  t r a n s f o r m  e x i s t s .
F o u r i e r  a n a l y s i s  can a l s o  be u s e f u l l y  a p p l i e d  t o  
s t a t i o n a r y  random p r o c e s s e s .  F o r  t h i s  p u rp o se  t h e  t e rm  
power s p e c t r a l  d e n s i t y  i s  c o n v e n i e n t .  Let  us  c o n s i d e r  t h e  
random f u n c t i o n  x ( t )  t o  be r e p r e s e n t e d  by
X'p(t) = x ( t )  f o r  -T — t  ^  T (3 8 )
= 0 e l s e w h e r e
and l e t  us  d e f i n e
i x ( t )  e d t  (39)-T
With  t h i s  n o t a t i o n ,  we can d e f i n e  t h e  power s p e c t r a l  
d e n s i t y ,  b (o>f x ) , o f  t h e  f u n c t i o n  x ( t )  t o  be




Now an e x p e c t e d  v a lu e  o f  t h e  above r e l a t i o n  can be'  found  
f o r  t h e  ca se  when x ( t )  i s  a  s t a t i o n a r y  random p r o c e s s .  We 
f i n d  t h e  r e s u l t  t h a t  t h e  power s p e c t r a l  d e n s i t y  o f  a 
s t a t i o n a r y  random p r o c e s s ,  w r i t t e n  a s i ^ ( w ) ,  i s  r e l a t e d  t o  
t h e  A u t o c o r r e l a t i o n  f u n c t i o n  a s  i t s  F o u r i e r  t r a n s f o r m ,  or
3(6 / ,X) f  (^xx(T)  e ' J ^ ^ d T  (4 1 )
J.CO
Because  t h e  a u t o c o r r e l a t i o n  f u n c t i o n  i s  e v e n ,  i s
r e a l  and can a l s o  be e x p r e s s e d  a s
°  M  COS -iTdT (42)
IS
From E q u a t i o n  ( 4 0 ) ,  i t  can be s een  t h a t  ) i s  a l s o
n o n - n e g a t i v e .
A c r o s s - p o w e r  s p e c t r a l  d e n s i t y ,  S ( w , x , y ) , be tw een  
two random p r o c e s s e s ,  x ( t )  and y ( t ) ,  can be d e r i v e d  in  
t h e  same m anner .  When b o t h  x ( t )  and y ( t )  a r e  s t a t i o n a r y ,  
t h e i r  c r o s s - p o w e r  s p e c t r a l  d e n s i t y  can be e x p r e s s e d  as
-jwT
S( w, x , y )  = ^ x y ( w)  (^ x y (T )e ' d T  (43)
Because  t h e  c r o s s - c o r r e l a t i o n  i s  n o r m a l l y  n o t  ev e n ,  t h e  
c r o s s - p o w e r  s p e c t r a l  d e n s i t y  c o n t a i n s  r e a l  and i m a g i n a r y  
p a r t s .
CHAPTER I I I
THEORETICAL APPLICATIONS
Now t h a t  some f u n d a m e n t a l  d e f i n i t i o n s ,  t h e i r  
p r o p e r t i e s ,  and r e l a t i o n s h i p s  o f  s t a t i s t i c a l  communicat ion  
t h e o r y  have been  r e v i e w e d ,  we can i n v e s t i g a t e  m ethods  o f  
a n a l y s i s  i n v o l v i n g  t h e s e  f u n c t i o n s .  The i n t e r e s t  i n  t h i s  
a n a l y s i s  w i l l  be c o n c e r n i n g  a p p l i c a t i o n s  t o  dynamic sy s tem s .
I n p u t  and O utpu t  A u t o c o r r e l a t i o n s  and S p e c t r a l  D e n s i t i e s
Let u s  c o n s i d e r  a  l i n e a r  sys tem  w i t h  i n p u t  x ( t )  and 
o u t p u t  y ( t )  and i n v e s t i g a t e  t h e  r e l a t i o n  be tw een  i n p u t  and 
o u t p u t  a u t o c o r r e l a t i o n s  and  t h e i r  s p e c t r a l  d e n s i t i e s .  An 
a s s u m p t i o n  i s  made f o r  t h e  d e r i v a t i o n  t h a t  t h e  i n p u t  i s  a 
member f u n c t i o n  o f  an e r g o d i c  random p r o c e s s .  T h e r e f o r e ,  
t h e  o u t p u t  a u t o c o r r e l a t i o n  f u n c t i o n  i s
0 „ y ( T )  = l im  _1  f
T
y ( t ) y ( t  + T)  d t  (44)
•T
The o u t p u t  v a r i a b l e s  can be e x p r e s s e d  a s
y ( t )  = I h(A) x ( t - A )  dA (45)
^00
and ^




s i n c e  h(A)  r e p r e s e n t s  a p h y s i c a l l y  r e a l i z a b l e  sy s te m .  That
i s ,  h(A) f o r  A n e g a t i v e  i s  z e r o . ,  Then
f  T f  00 " ^  00
(7)  = l im  1_ j I h(A) x ( t - A )  dA: h ( ^ )  x ( t+ T - r | )  d^d t
yy  t^ co2t J , t  J -co '■ JLoo '
(47)
By com bin ing  t h e  i n t e g r a t i o n ,  i n v e r t i n g  t h e  o r d e r  of  
i n t e g r a t i o n  and r e c o g n i z i n g  t h e  c o r r e l a t i o n  f u n c t i o n  i n s i d e  
t h e  i n t e g r a l s  we f i n d
f  00 f  00
<^yy(T) = 1  I h(A) h ( n )  - n )  d-idA"
Xoo *  00h(A)  I h ( r i ) 0 ( T +  -Tj) dtidA J.00
I t  i s  f o u n d  t h a t  a do u b le  i n t e g r a l  r e l a t i o n  between i n p u t  
and  o u t p u t  a u t o c o r r e l a t i o n s  e x i s t s .  I f  t h e  above r e l a t i o n s h i p  
i s  t r a n s f o r m e d  by m u l t i p l y i n g  by e and i n t e g r a t i n g
be tw een  +<»,  t h e  r e s u l t  can be o b t a i n e d  t h a t
5  y y ( ^ )  ^  H ( w )  .  H ( - i o )  .  § ^ ( w  )
-  |H(w)|  . ^ x x ( “ ) — (49)
where H(w) i s  t h e  F o u r i e r  t r a n s f o r m  o f  t h e  im p u lse  r e s p o n s e ,  
h ( T ) .  I t  i s  a p p a r e n t  t h a t  t h i s  r e l a t i o n s h i p  does  n o t  
c o n t a i n  p h ase  i n f o r m a t i o n ;  i t  h a s  o n ly  m agn i tude  i n f o r m a t i o n  
f o r  t h e  f r e q u e n c y  p l o t .
I n p u t - O u t p u t  C r o s s c o r r e l a t i o n . A r e l a t i o n s h i p  o f  
pr ime im p o r t a n c e ,  and on which  much o f  t h e  work h e r e i n  i s  
b a s e d ,  i s  t h a t  between t h e  i n p u t  a u t o c o r r e l a t i o n  and i n p u t -  
o u t p u t  c r o s s c o r r e l a t i o n  i n v o l v i n g  t h e  im p u lse  r e s p o n s e .  Fo r  
a  b r i e f  d e r i v a t i o n ,  c o n s i d e r  t h e  c r o s s c o r r e l a t i o n  f u n c t i o n
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between t h e  i n p u t ,  x ( t ) ,  and o u t p u t ,  y ( t ) ,  o f  a l i n e a r
sys tem  w hich  h as  an i n p u t ,  a member f u n c t i o n  o f  an e r g o d i c
random p r o c e s s .  The c r o s s c o r r e l a t i o n '  f u n c t i o n  i s
.T
= l im  f x ( t )  y ( t +T)  d t
T->oo 2T
(50)
A c o n v o l u t i o n  i n t e g r a l  w i t h  i n f i n i t e  l i m i t s  can be s u b s t i ­
t u t e d  f o r  y ( t  + T ) a s
j » T f  00
x ( t )  I h(A) x ( t+T -A )dA dt  (51)
T J L o o
By i n v e r t i n g  t h e  o r d e r  o f  i n t e g r a t i o n  and em ploy ing  t h e  
d e f i n i t i o n  o f  </^xx I t  can be seen  t h a t  t h e  e x p r e s s i o n  
r e d u c e s  t o
(^xy(T) = I h(A) ^ x x ( T - A )  dA (52)
«/“oo
S t a b l e ,  p h y s i c a l  sy s t e m s  have t h e  p r o p e r t i e s  t h a t  
h(A) = 0 f o r  -  00 < A < 0
h(A) = 0 f o r  B < A < °°
where B i s  some l a r g e  v a l u e ,  p e r h a p s  10 t i m e s  t h e  h i g h e s t  
t im e  c o n s t a n t  o f  t h e  s y s tem .  T h e r e f o r e ,  t h e  above may 
sometimes be e x p r e s s e d  a s'B
(53)9^xy(T)  = J  h(A) ( ÿ ^ ( T - A )  dA
The im p u lse  r e s p o n s e  h(A) might  be s o lv e d  f o r  by a p r o c e s s  
o f  d e c o n v o l u t i o n  o f  E q u a t i o n  (53)  when t h e  c o r r e l a t i o n  
f u n c t i o n s  a r e  known. "
An e q u i v a l e n t  r e l a t i o n s h i p  f o r  t h e s e  " i n p u t - o u t p u t "  
s t a t i s t i c a l  v a r i a b l e s  i s  i n  t e r m s  o f  f r e q u e n c y .  Through a
" 22 - ' *
F o u r i e r  t r a n s f o r m a t i o n  o f  t h e  above e q u a t i o n ,  àssumin-g t h e  
sys tem  i s  s t a b l e ,  i t  can be shown t h a t  t h e  power s p e c t r a l  
d e n s i t i e s ,  a r e  r e l a t e d  by
&xy(w) = H('jj) (54')
o r
HI . I  = 1 ^ 4 4
) (55)
T h is  r e l a t i o n s h i p  i s  somewhat s i m p l e r  t h a n  t h e  c o n v o l u t i o n  
o p e r a t i o n ,  and t h e  p r o c e s s  f r e q u e n c y  r e s p o n s e  can be found  
when t h e  s p e c t r a l  d e n s i t i e s  a r e  known.
I t  s h o u ld  be n o t i c e d  t h a t  no s p e c i a l  r e s t r i c t i o n s  
a r e  p l a c e d  upon t h e  i n p u t  v a r i a b l e ,  x ( t ) ,  e x c e p t  t h a t  i t  i s  
t o  be a member o f  an e r g o d i c  random p r o c e s s .  I t s  a u t o ­
c o r r e l a t i o n  f u n c t i o n  form o r  power s p e c t r a l  d e n s i t y  form a r e
a r b i t r a r y .  I t  may even c o n t a i n  p e r i o d i c  components  a s  a 
c o n s t i t u e n t  o f  t h e  random v a r i a b l e .
A c o n v e n i e n t  s i t u a t i o n  o c c u r s  when t h e  i n p u t  i s  a 
p u re  " w h i t e "  n o i s e ,  o r  one w hich  c o n t a i n s  e q u a l  power f o r  
a l l  f r e q u e n c i e s .  The a u t o c o r r e l a t i o n  f u n c t i o n  f o r  such  
n o i s e  i s  an im p u l se  a t  t h e  o r i g i n .  The c r o s s c o r r e l a t i o n  
t h u s  becomes t h e  sy s tem  im p u lse  r e s p o n s e ,  by E q u a t i o n  ( 5 2 ) ,  
and t h e  f r e q u e n c y  r e s p o n s e  H(w) becomes p r o p o r t i o n a l  t o  t h e  
c r o s s  power s p e c t r a l  d e n s i t y  by E q u a t i o n  ( 5 4 ) .
P r i o r  t o  t h e  r e a l i z a t i o n  o f  E q u a t i o n  ( 5 2 ) ,  Weiner  
(29)  had d e r i v e d  a  v e r y  s i m i l a r  r e l a t i o n s h i p .  H is  p rob lem  
c o n c e rn e d  t h e  optimum l i n e a r  ( t im e  i n v a r i a n t )  f i l t e r  f o r
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s e p a r a t i n g  a  d e s i r e d  random f u n c t i o n  from one a l s o  c o n t a i n i n g  
a d i s t u r b a n c e .  The c r i t e r i a  u sed  f o r  an optimum was a l e a s t  
m e a n - s q u a re  t y p e  d e f i n e d  t o  m in im ize
  ^  T ' ^
G 2 '=  l im  ^  I ( f o ( t ) - f . ( t l  ^ d t  (56)
T->oo 2T J -T  L ^ J
where  f ^ f t )  i s  t h e  f u n c t i o n  o b t a i n e d  and f ^ ^ t )  i s  t h e
d e s i r e d  f u n c t i o n .  By a p p l y i n g  a  c a l c u l u s  o f  v a r i a t i o n s  a
c r i t e r i o n  f o r  t h i s  optimum was d e r i v e d  t o  be o f  t h e  fo rm ,
y  00
0 ^ y ( T )  = I k(A) ^ ^ ( T - A )  dA f o r  T =  0 (57)J-00
T h is  r e s u l t  i s  c a l l e d  t h e  W einer-Hopf  e q u a t i o n  and i t  
d i f f e r s  f rom E q u a t i o n  (52)  o n ly  i n  t h e  r e s t r i c t i o n  on T above,  
There  i s  no r e q u i r e m e n t  o f  t h i s  r e l a t i o n s h i p  made f o r  T “« 0 o  
A c t u a l l y ,  t h e  c o n d i t i o n  o f  E q u a t io n  (57)  i s  met i n  E q u a t io n  
( 5 2 ) ;  t h e r e f o r e ,  t h e  w e i g h t i n g  f u n c t i o n  h(A) o f  E q u a t i o n  (52) 
i s  an optimum ( a s  d e f i n e d  above)  l i n e a r  r e p r e s e n t a t i o n  o f  
t h e  s y s te m .  F o r  t h e  l i n e a r ,  t i m e - i n v a r i a n t  sys tem  E q u a t io n  
( 5 2 ) i d e n t i c a l l y  d e f i n e s  t h e  w e i g h t i n g  f u n c t i o n ;  f o r  t h e  non­
l i n e a r  t i m e - i n v a r i a n t  s y s te m ,  t h e  r e l a t i o n s h i p  f i t s  a  b e s t  
l i n e a r  r e p r e s e n t a t i o n  ( i n  a l e a s t  mean s q u a re  s e n se )  t o  t h e  
s y s te m .
M u l t i d i m e n s i o n a l  S y s t e m s . In  p r a c t i c e  many sy s tem s  
have two o r  more i n p u t  v a r i a b l e s  which  a f f e c t  an o b s e rv e d  
" o u t p u t . "  T h i s  c o n d i t i o n  i s  c e r t a i n l y  t r u e  f o r  c h e m ic a l  
p r o c e s s i n g  e q u ip m e n t .  C o n s id e r  a s  a s im p le  example a 
m ix in g  t a n k  w h ich  i s  d i l u t i n g  a s o l u t i o n  w i t h  a s o l v e n t  t o  
some d e s i r e d  c o n c e n t r a t i o n .  Suppose t h a t  t h e  t o t a l  f l o w  of
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t h e  two s t r e a m s  i s  h e l d  c o n s t a n t  and t h a t  p e r f e c t  m ix ing  
o c c u r s .  E i t h e r  o f  two v a r i a b l e s  migh t  s i m u l t a n e o u s l y  cause
t h e  e f f l u e n t '  c o n c e n t r a t i o n  t o  change  t h e  c o n c e n t r a t i o n  of
t h e  i n l e t  s o l u t i o n  o r  t h e  r a t i o  o f  t h e  two i n l e t  f lo w  
r a t e s .  Many such  examples  o c c u r ;  o f t e n  t h e y  a r e  more complex.. 
Goodman (8,  9 ) ,  among o t h e r s ,  h as  shown how t h e  s t a t i s t i c a l  
f u n c t i o n s  o f  l i n e a r  sy s tem s  may be r e l a t e d  u s i n g  t h e  
c o n v e n i e n t  p r o p e r t i e s  o f  l i n e a r i t y .  The d ev e lo p m en ts  of  
t h e s e  r e l a t i o n s h i p s  a r e  o u t l i n e d  be low .
Two I n p u t s . F i g u r e  1 shows a sys tem  h a v in g  two 
i n p u t s  which  add t o g e t h e r  t h r o u g h  s e p a r a t e  l i n e a r  r e s p o n s e s ,  
g ( t )  and h ( t ) ,  t o  p roduce  an o u t p u t  y ( t ) .  The i n p u t s  a r e  
e r g o d i c  random v a r i a b l e s ,  x ( t )  and n ( t ) .  The v a r i a b l e  n ( t )  
m igh t  b e ,  i n  some c a s e s ,  an u n d e s i r a b l e  b u t  e v e r - p r e s e n t  
n o i s e  s i g n a l  t h a t  i s  i n t e r f e r i n g .  The o u t p u t  can be 
w r i t t e n  a s i* 00 MOO
y ( t )  =1  g ( b ) n ( t - b ) d b  + I h (A )x ( t -A )d A  (58)
J~oo
xf t )
g ( t )
h ( t )
y ( ^
F i g u r e  1.
Two In p u t  -  S i n g l e  Output  System
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I f  t h e  e q u a t i o n  i s  s h i f t e d  i n  t im e  from ( t )  t o  ( t  + T ) ,
m u l t i p l i e d  by  x ( t )  d t ,  and i n t e g r a t e d  be tween  -T and +T,
t h e r e  r e s u l t s
T * T  V*
g(cr) x ( t ) n { t  + T -o-)dcrdt/ x ( t  ) y ( t  + T ) d t  = I f 
T J -T  J-o
■ £ £
h(A) x ( t )  x ( t  + T - )  dAdt (59)
A f t e r  m u l t i p l y i n g  t h e  e q u a t i o n  by 2 ^ ,  o b t a i n i n g  t h e  l i m i t
■ 2T
a s  T—>-00, and i n v e r t i n g  t h e  o r d e r  o f  i n t e g r a t i o n  t h e  r e s u l t  
i s  ,
,T #00 /• T
l im  1_
T->*oo 2T J~T
f x ( t )  y ( t  + T)dt = f  g(a-) l im  1^  f  x ( t  ) n ( t + T _  o-) 
 J-oo , 2T J-T
f  h(A) l im  1_ f
J —co T->-oo2T J j i
,00
dtdo- + /  2^ J x ( t ) x ( t + ' l - A ) d A d t  (60)
-T
S in c e  t h e  v a r i a b l e s  a r e  o f  an e r g o d i c  random p r o c e s s ,
/ OO #00
•g(«r) 0 ^ ( T - c r ) d c r  +  I  h ( A  ) 0 ^ ^ ( T - A )  d A  ( 6 1 )
00 J-oo
A s i m i l a r  p r o c e d u r e  can p roduce  t h e  r e l a t i o n s h i p
# 0 0  #  00
< f > ^ y ( T ) = l  g ( r )  V > n n ^ r -F )d c  + # h(A) 95>^^(T-A)dA (62)J^ OO J.CO
The t im e  r e s p o n s e s ,  g(cr) and h (A ) ,  c o u ld  be 
o b t a i n e d  by a p r o c e s s  o f  s im u l t a n e o u s  d e c o n v o l u t i o n  when 
t h e  c o r r e l a t i o n  f u n c t i o n s  a r e  known.
I t  i s  n o t  uncommon t h a t  t h e  n o i s e ,  n ( t )  and x ( t )  a r e  
s t a t i s t i c a l l y  i n d e p e n d e n t  o f  ea c h  o th e r »  Under t h e s e  
c i r c u m s t a n c e s .
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0xn<'"> ■ ‘  5T tT  • J T t J  (63
and i f  e i t h e r  n ( t )  o r  x ( t )  have a ze ro  mean v a l u e ,  E q u a t io n
(61) and (62) become i n d e p e n d e n t  o f  e ac h  o t h e r  f o r  t h e
s o l u t i o n  f o r  t h e  im pu lse  r e s p o n s e s ,  a s
► 00
(64)< ^ ^ y ( T )  = j f  h { A )  d A
0 n y ( d ’ > = r S'A) dA (65)
F o r  s t a b l e  s y s te m s ,  F o u r i e r  t r a n s f o r m s  o f  E q u a t io n  
(61) and (62) y i e l d
= G(w) + H(w) 3 ^ ( w )  (66)
5 (u) = G(w) ^  (üj) + H(u) ë (u)  (67)LLy lill l iA
With  in d e p e n d e n t  i n p u t s  (and i f  e i t h e r  h a s  a z e ro  m ean) ,  t h e  
c r o s s  s p e c t r a l  d e n s i t i e s  a r e  z e r o ,  and t h e  above r e l a t i o n s h i p s  
would s i m p l i f y  t o  t h e  form f o r  a s i n g l e  i n p u t  sy s te m .  .
M u l t i p l e  I n p u t s .  S i n g l e  Output  L i n e a r  System 
The p r e v i o u s  a n a l y s i s  can r e a d i l y  be e x t e n d e d  t o  a 
sys tem  h a v i n g ,  i n  g e n e r a l ,  n i n p u t s  a f f e c t i n g  a s i n g l e
o u t p u t .  With  r e f e r e n c e  t o  F i g u r e  2 c o n s i d e r  a l i n e a r  sys tem
w i t h  i n p u t s ,  x q ( t ) ,  %2 ( t ) , , ,  x q ( t ) , , ,  x ^ ( t ) .  In  t h i s  model 
e a c h  i n p u t ,  X j _ ( t ) ,  h a s  a s s o c i a t e d  w i t h  i t  a u n iq u e  f u n c t i o n  
h ^ ( t )  — t h e  im p u lse  r e s p o n s e  o f  t h e  o u t p u t .  C o n s i d e r i n g  
t h a t  t h e  i n p u t s  a r e  e ach  members o f  e r g o d i c  random p r o c e s s e s ,  
a d e r i v a t i o n  s i m i l a r  t o  t h a t  f o r  E q u a t i o n s  (61)  and (62) 
y i e l d s
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F i g u r e  2
M u l t i p l e  I n p u t s  -  S i n g l e  O u t l e t  System
F i g u r e  3
System Having  M u l t i p l e  I n p u t s  and O u tp u t s
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<^10 = 9^11- + ^ 1 2 -  h









9&no = <0nl* h i  + <0n2* ^2 + ------ + 4 \ i n *  hn
(68:
where :
0 i o ' “  c r o s s c o r r e l a t i o n  f u n c t i o n  a n d  t h e  o u t p u t  y o ( t )  
b e t w e e n  i n p u t  X j _ ( t )
= im p u lse  r e s p o n s e  o f  y ^ f t )  f rom i n p u t  x ^ ( t )
= a u t o  o r  c r o s s  c o r r e l a t i o n  f u n c t i o n  between 
i n p u t s  Xj_( t  ) and X j ( t )  
and t h e  symbol,  i n d i c a t e s  t h e  p r o c e s s  o f  c o n v o l u t i o n .  
The above may a l s o  be e x p r e s s e d  in  m a t r i x  n o t a t i o n  as  
y  = k '’' h (69)
where :
z  = L^io.
I t  “A = 0 i j  
- / —
h =
a column v e c t o r  o f  n components  
a s q u a re  m a t r i x  o f  o r d e r  n 
a column v e c t o r  o f  n components  
Each o f  t h e  above i s  a f u n c t i o n  o f  a  t im e  v a r i a b l e .
The e q u i v a l e n t  i n f o r m a t i o n  i n  t h e  f r e q u e n c y  domain 
can be o b t a i n e d  by a F o u r i e r  t r a n s f o r m a t i o n ,  a s sum ing  t h a t  
e a ch  t r a n s f e r  r e l a t i o n  i s  s t a b l e .  There  r e s u l t s






p = [ i i i
H = H.10
E i t h e r  o f  t h e  column v e c t o r s  h ( t )  o r  H(w) r e p r e s e n t  t h e  
dynamics  o f  t h e  m u l t i p l e  i n p u t  sy s te m .
■ M u l t i p l e  I n p u t s  and O u t p u t s . The m u l t i p l e  i n p u t ,  
m u l t i p l e  o u t p u t  l i n e a r  sys tem  may be t r e a t e d  by a f u r t h e r  
e x t e n s i o n  o f  t h e  p r e v i o u s  a n a l y s i s .  C o n s id e r  t h e  sys tem  
a s  shown i n  F i g u r e  3 h a v in g  m i n p u t s  and n o u t p u t s .  F o r  
e a ch  o u t p u t ,  say  y j ( t ) ,  t h e r e  e x i s t s  some im p u lse  r e s p o n s e  
h j_ j ( t )  a s s o c i a t e d  w i t h  e v e r y  i n p u t  X j _ ( t ) .  T h e r e f o r e ,  a 
sys tem  of  m e q u a t i o n s  i d e n t i c a l  i n  form t o  E q u a t i o n  (68) 
e x i s t  f o r  e v e r y  o u t p u t .  A m a t r i x  o f  m x n im p u lse  r e s p o n s e s ,  
o r  e q u i v a l e n t l y  f r e q u e n c y  r e s p o n s e  f u n c t i o n s ,  can be used  
t o  d e s c r i b e  t h e  sy s tem .
Chem ica l  P r o c e s s i n g  Equipment
L i n e a r i t y
The s t a t i s t i c a l ,  dynamic r e l a t i o n s h i p s  c o n s i d e r e d  
i n  t h e  p r e c e d i n g  s e c t i o n s  have c o n c e rn e d  sy s tem s  which 
a r e  t i m e - i n v a r i a n t  and l i n e a r .  L i n e a r i t y ,  a s  d e f i n e d  
p r e v i o u s l y ,  i m p l i e s  t h a t  t h e  sys tem  r e s p o n d s  t o  a c o l l e c t i o n  
o f , f u n c t i o n s  i n  an i n p u t  j u s t  a s  th o u g h  t h e  i n d i v i d u a l  
r e s p o n s e s  were su p e r im p o se d .
The dynam ics  o f  c h e m ic a l  e n g i n e e r i n g  equ ipm ent  
i n h e r e n t l y  seem t o  d e f y  d e s c r i p t i o n  a s  l i n e a r  s y s t e m s .  
However, i n  a number o f  c a s e s  a  few r e a s o n a b l y  s im p ly in g
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a s s u m p t i o n s  w i l l  a l l o w  d e r i v a t i o n  o f  e q u a t i o n s  t h a t  
r e p r e s e n t  a l i n e a r  s y s te m .  The c h e m ic a l  e n g i n e e r i n g  
l i t e r a t u r e  i s  r a p i d l y  g row ing  w i t h  such  l i n e a r  dynamic 
r e p r e s e n t a t i o n s .
Under t h e  c l a s s i f i c a t i o n  o f  " l i n e a r , "  two d i v i s i o n s  
may be made — r  t i m e - i n v a r i a n t ,  o r  s t a t i o n a r y ,  and t i m e -  
v a r i a n t  .
T i m e - I n v a r i a n t  S ys tem . A t i m e - i n v a r i a n t  sys tem  can 
be r e p r e s e n t e d  by a c o n s t a n t  c o e f f i c i e n t  e q u a t i o n  o f  t h e  
form o f  E q u a t i o n  (1)  a s
Z  &i = x ( t )
d t ^  (71)
The im p u lse  r e s p o n s e  o f  t h i s  t y p e  o f  sy s tem  i s  a f u n c t i o n
o f  one t im e  v a r i a b l e ,  t h e  d e l a y  T f rom t h e  o c c u r r e n c e  t im e
of  t h e  i m p u l s e ,  such  as h ( T ) .
T im e - V a r i a n t  S y s t e m s . The l i n e a r ,  t i m e - v a r i a n t
sys tem  can be r e p r e s e n t e d  by an e q u a t i o n  o f  t h e  t y p e
I a f ( t  ) ^  =1 x ( t )
CÜ (72)
where t h e  c o e f f i c i e n t s  may be f u n c t i o n s  o f  t i m e .  However,  
t h e  c o e f f i c i e n t s  can n o t  be f u n c t i o n s  o f  t h e  i n d e p e n d e n t  
v a r i a b l e  x ( t )  and s t i l l  r e t a i n  t h e  p r o p e r t y  o f  s u p e r p o s i t i o n  
— a s  S t e w a r t  (27) h a s  shown f o r  a f l o w - f o r c e d  c h e m ic a l  
r e a c t o r .  The im p u l se  r e s p o n s e  f o r  t h e  sys tem  o f  E q u a t i o n  
(7 2 ) i s  a  f u n c t i o n  o f  t im e  t  and t h e  d e l a y  T from t h e  
o c c u r r e n c e  o f  t h e  im p u l s e ,  and i s  w r i t t e n  a s  h ( t , T  ) .  The
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t r e a t m e n t  o f  t i m e  v a r i a n t ,  l i n e a r  sy s te m s  i s  beyond t h e  
scope  o f  t h i s  p r e s e n t  work.
Lumped and D i s t r i b u t e d  P a r a m e t e r  S y s t e m s . In  
a d d i t i o n  t o  t h e  c l a s s i f i c a t i o n  o f  l i n e a r i t y ,  c h e m ic a l  
p r o c e s s  dynam ics  can a l s o  be d i v i d e d  i n t o  " lumped p a r a m e te r "  
o r  " d i s t r i b u t e d  p a r a m e t e r "  s y s t e m s .  ' A g l a n c e  a t  p a s t  and 
even  p r e s e n t  t e x t b o o k s  c o n c e r n i n g  c o n t r o l  o f  dynamic 
p h y s i c a l  p r o c e s s e s  w i l l  show a t t e n t i o n  d i r e c t e d  p r e d o m in a n t l y  
t o  t h e  lumped p a r a m e t e r  t r e a t m e n t .  In  s p i t e  o f  t h e  
c o m p l e x i t y  o f  a n a l y z i n g  dynamic s y s te m s  h a v in g  d i s t r i b u t e d  
p a r a m e t e r s ,  t h e s e  s y s te m s  can p o s s e s s  t h e  p r o p e r t y  of  
l i n e a r i t y .
Lumped P a r a m e t e r  S y s tem s .
E q u a t i o n s  (71)  and (72) a r e  o r d i n a r y  d i f f e r e n t i a l  
e q u a t i o n s  a n d ,  a s  s u c h ,  r e p r e s e n t  lumped p a r a m e t e r  s y s t e m s .  
P r o p e r t i e s  o f  t h e s e  s y s tem s  can be d e s i g n a t e d  a t  v a r i o u s  
p o i n t s  o r  o v e r  p o r t i o n s  o f  t h e  s y s t e m s .  Examples  o f  t h i s  
t y p e  a r e  most  common. F o r  m e c h a n i c a l  s y s tem s  t h e s e  might
d e s c r i b e  t h e  m ass  s p r i n g  d a s h p o t  c o m b i n a t i o n .  F o r
e l e c t r i c a l  c i r c u i t s  t h e y  m igh t  d e s c r i b e  r e s i s t a n c e -----
i n d u c t a n c e  c a p a c i t a n c e  c o m b i n a t i o n s .
Some, c h e m i c a l  p r o c e s s e s  a l s o  can be c o n s i d e r e d  a s  
lumped p a r a m e t e r  s y s t e m s .  G e n e r a l l y ,  t h e s e  a r e  c h e m ic a l  
p r o c e s s e s  f o r  w h ich  t h e  a s s u m p t io n  o f  p e r f e c t  m ix in g  i s  
q u i t e  n e a r l y  v a l i d ,  a t  l e a s t  i n  t h e  f r e q u e n c i e s  o f  i n t e r e s t .  
The l i t e r a t u r e  shows numerous  exam p les  w h ich  c an n o t  be
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c o v e r e d  h e r e .  Such lumped p a r a m e t e r  p r o c e s s e s  i n c l u d e  
c o n t i n u o u s  s t i r r e d  t a n k  r e a c t o r s ,  f i n i t e  s t a g e  l i q u i d - v a p o r  
mass  t r a n s f e r  o p e r a t i o n s  such  a s  b u b b l e - t r a y  d i s t i l l a t i o n ,  
a b s o r p t i o n ,  s t r i p p i n g ,  e t c .  and f i n i t e  s t a g e  l i q u i d - l i q u i d  
o p e r a t i o n s  such  a s  e x t r a c t i o n .
D i s t r i b u t e d  P a r a m e t e r  Sys tems
System s whose v a r i a b l e s  a r e  c o n t i n u o u s  f u n c t i o n s  
o f  two o r  more i n d e p e n d e n t  v a r i a b l e s ,  such  a s  p o s i t i o n  and 
t i m e ,  a r e  c l a s s i f i e d  a s  h a v in g  d i s t r i b u t e d  p a r a m e t e r s .
T h e i r  dynamic d e s c r i p t i o n s ,  o r  m a t h e m a t i c a l  m o d e ls ,  a r e  i n  
t h e  form o f  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s .  Chemical  
p r o c e s s e s  a r e  p r e d o m i n a n t l y  o f  t h i s  t y p e  b e ca u se  t h e y  
n o r m a l l y  i n v o l v e  t r a n s f e r  o f  h e a t ,  m ass ,  or. momentum ( o r  
c o m b i n a t i o n s  o f  t h e s e )  t h r o u g h  t h e  d im e n s io n s  t h e  equ ipm ent  
and a s  a f u n c t i o n  o f  t i m e .  N e v e r t h e l e s s ,  some d i s t r i b u t e d  
p a r a m e t e r  s y s te m s  can have t h e  p r o p e r t y  o f  l i n e a r i t y  a s  
d i s c u s s e d  p r e v i o u s l y .  To i l l u s t r a t e  t h i s  p o i n t ,  two exam ples  
w i l l  be c o n s i d e r e d .
The equ ipm ent  shown i n  F i g u r e  4 i s  a c o n c e n t r i c  
p i p e  h e a t  e x c h a n g e r  i n  w h ich  a ho t  f l u i d ,  f o r  i n s t a n c e ,  i s  
t r a n s f e r i n g  h e a t  t o  t h e  o u t e r ,  c o o l e r  f l u i d .  Flow may be 
e i t h e r  c o n c u r r e n t  o r  c o u n t e r - c u r r e n t .  An e n e rg y  b a l a n c e  
o v e r  a  d i f f e r e n t i a l  l e n g t h  o f  f l u i d  i n  t h e  i n n e r  t u b e  y i e l d s  
8T _  8T U d (S-T)
^  V t  Gpt (73)
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T = t e m p e r a t u r e  o f  f l u i d  i n  t u b e  
S = t e m p e r a t u r e  o f  f l u i d  i n  s h e l l  
F = mass f l o w  r a t e  
■ A = c r o s s  s e c t i o n a l  a r e a  
U = o v e r a l l  h e a t  t r a n s f e r  c o e f f i c i e n t  ( b a se d  on d) 
d = o u t s i d e  d i a m e t e r  o f  i n n e r  t u b e  
P  = d e n s i t y  
Cp = h e a t  c a p a c i t y  
t  = t im e
X = l o n g i t u d i n a l  d i s t a n c e  
s u b s c r i p t s  r e f e r  t o
s = s h e l l  f l u i d  
t  = t u b e  f l u i d
The c o e f f i c i e n t  o f  ^  i s  n e g a t i v e  f o r  c o n c u r r e n t  f l o w  and
à t
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c o n v e r s l y  f o r  c o u n t e r - c u r r e n t  f l o w .  A ssum pt ions  which  
p e r m i t  t h e  use  o f  t h e  above e q u a t i o n s  f o r  a m a t h e m a t i c a l  
model  a r e :
( 1 . )  P r o p e r t i e s  o f  t h e  f l u i d s  a r e  c o n s t a n t  w i t h  
t e m p e r a t u r e .
( 2 . )  The i n n e r  and o u t e r  t u b e  w a l l  t h e r m a l  c a p a c i t i e s  
a r e  n e g l i g i b l e  compared t o  t h e  f l o w in g  f l u i d s .  
( 3 . )  P lu g  f l o w  e x i s t s  i n  b o t h  t h e  s h e l l  and t u b e .
(4«)  The f l u i d  t h e r m a l  c o n d u c t i v i t i e s  a r e  i n f i n i t e .  
(5*)  No h e a t  i s  t r a n s f e r r e d  a c r o s s  t h e  o u t e r  s h e l l  
w a l l .
F o r  c o n v e n ie n c e ,  t h e  c o n s t a n t  c o e f f i c i e n t s  above can be
g ro u p ed  and  w r i t t e n  a s
ÔT = - k l  &T + kp (S-T) (75)
S t  &x
and
= ±  k .  &S + k, (T-S) (.76)
&t j  6 x  4
W ithou t  s o l v i n g  t h e  above e q u a t i o n s  f o r  t h e  im p u lse  
r e s p o n s e ,  o r  f r e q u e n c y  r e s p o n s e ,  i n  o r d e r  t o  i d e n t i f y  i t s  
l i n e a r i t y ,  r a t h e r  l e t  us  o b s e rv e  some p r o p e r t i e s  o f  t h e  
e q u a t i o n s  t h e m s e l v e s .  Suppose t h a t  t h e  i n l e t  t u b e  f l u i d  
t e m p e r a t u r e  i s  t h e  o n l y  i n p u t  v a r i a b l e  t o  t h e  sy s tem  and t h e  
o u t l e t  t u b e  t e m p e r a t u r e  r e s p o n s e  i s  o b s e r v e d .  Fo r  a  g iv e n  
change i n  i n l e t  t u b e  t e m p e r a t u r e  t h e  r e s p o n s e  can be c a l l e d  
j ^ 2_ ( t , x ^  X = L, ( o u t l e t )  a s  a  s o l u t i o n  o f
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È I l  = - k  ^  + kp (,S.-Tn) (77)
3 t  ^  X
1731
and c e r t a i n  known boundary  c o n d i t i o n s ,  and f o r  a d i f f e r e n t  
i n p u t  t h e  r e s p o n s e  can be c a l l e d  j r 2 ( t , x i j  x  = L, ( o u t l e t )  
a s  a s o l u t i o n  o f
. ÈZz = -k^ + k ,  ( S_-T_)  (79)
6 t  l & x 2 2 2
2 = + k] .^22 + k  ^ (Tg-Sg) (80)b s
à t  3 X
and known b o u n d a ry  c o n d i t i o n s .  By a d d in g  (77) and (79) i t
i s  fo u n d  t h a t
= - k ^  ^ ( ^ 1 * ^ 2 )  + kg  [is^L^Sg) - (T i+ T 2 [ ]  ( 8 1 )
and by a d d in g  (78) and (80) t h a t
à ( S i  + Sg) = + _à(S^ * S2 ) + k, f i l .  + T^) -  (S. + S .71
ô t  “  a x  4 L 1 2 1 2J ( g 2 )
The l a s t  r e s u l t s  show th a t -  t h e  sys tem  h a s  t h e  p r o p e r t y  o f  
s u p e r p o s i t i o n  and i s  t h e r e f o r e  l i n e a r .  N e a r l y  t h e  same 
r e q u i r e m e n t s  h o l d  f o r  t h e  d i s t r i b u t e d  p a r a m e t e r  sys tem  t o  
be l i n e a r  a s  f o r  t h e  lumped p a r a m e te r  s y s t e m s .  Note t h a t  
i f  t h e  f l o w  o f  one s y s te m ,  s a y  F ^ ,  were changed a s  an i n p u t  
v a r i a b l e ,  t h e  sys tem  would n o t  r em a in  l i n e a r .
A n o th e r  example  o f  a  d i s t r i b u t e d  p a r a m e t e r  sy s tem  i s  
d i f f u s i o n  i n  a  f l o w i n g  c o n d u i t ,  a s  r e p r e s e n t e d  i n  F i g u r e  5. 
I f  t h e  i n l e t  c o n c e n t r a t i o n  o f  a s o l u t i o n  ( o r  m i x t u r e )  t o  t h e  
c o n d u i t  i s  Cj_( t ) ,  c o n c e n t r a t i o n  becomes a f u n c t i o n  o f
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v e l o c i t y  p r o f i l e ,  u ( r )  
/  ---
A
r a d i a l  d i f f u s i o n
1 b u l k  f l o w
l o n g i t u d i n a l
d i f f u s i o n
d i r e c t i o n  
— >>
o f  f l o w
F i g u r e  5
Model f o r  Mass T r a n s p o r t  i n  a Condui t  
d i s t a n c e ,  r a d i u s ,  and t im e  a c c o r d i n g  t o  t h e  e q u a t i o n
à c  = D + 1 àc  +
à r2 r  ^ r )X
-  u ( r ) è C 83)
and t h e  g i v e n  b o u n d a ry  c o n d i t i o n s ,  where
C = c o n c e n t r a t i o n  o f  s o l u t e ,  mass  p e r  u n i t  volume 
r  = r a d i a l  d i s t a n c e  
X = l o n g i t u d i n a l  d i s t a n c e  
t  = t im e
u ( r )  = v e l o c i t y  p r o f i l e  t h r o u g h o u t  t h e  r a d i u s  
D = d i f f u s i o n  c o e f f i c i e n t  
The a s s u m p t i o n s  a r e  made t h a t :
( 1 . )  The d i f f u s i o n  c o e f f i c i e n t ,  D, i s  e q u a l  i n  t h e  
d i r e c t i o n s  o f  r  and x and i t  i n c l u d e s  b o th  
m o l e c u l a r  and eddy d i f f u s i o n  i f  t h e  f lo w  i s  
t u r b u l e n t .
( 2 . )  The v e l o c i t y  p r o f i l e  u ( r )  i s  c o n s t a n t  t h r o u g h o u t  
X and t .
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By t h e  same p r o c e d u re  i t  can be s een  t h a t  f o r  two d i f f e r e n t  
i n p u t s ,  and | p j _ ( t ) j 2 t h e  s o l u t i o n s  can be
su p e r im p o se d  a s
= D
a x 2
-uX ria tc^+ C g:
&X (84)
when a l l  t h e  boundary  c o n d i t i o n s  e x c e p t  C . ( t )  r em a in  t h e  
same. T h e r e f o r e ,  t h i s  d i s t r i b u t e d  p a r a m e te r  sys tem  i s  a l s o  
l i n e a r .
CHAPTER IV
REVIEW OF PREVIOUS WORK AND STATEMENT OF THE PROBLEM
Problem s i n  P r a c t i c a l  D e t e r m i n a t i o n  
The a c t u a l  p r a c t i c e  o f  d e t e r m i n i n g  sys tem  dynamics  
by c o r r e l a t i o n  i n v o l v e s  s e v e r a l  b a s i c  d i f f i c u l t i e s .  Some 
o f  t h e s e  can be r e a l i z e d  by o b s e r v i n g  t h e  a s s u m p t io n s  and 
r e q u i r e m e n t s  made in  t h e  d e f i n i t i o n s  and t h e  t h e o r e t i c a l  
r e l a t i o n s h i p s  o f  t h e  p r e v i o u s  c h a p t e r .  R e f e r e n c e  i s  made 
h e r e  c h i e f l y  t o  E q u a t i o n  (52) i n v o l v i n g  c o r r e l a t i o n  f u n c t i o n ;  
and t h e  im p u lse  r e s p o n s e  and t o  E q u a t i o n  (54) o r  (55) t h e  
e q u i v a l e n t  r e l a t i o n s h i p  a s  a f u n c t i o n  o f  f r e q u e n c y .  Some 
d i f f i c u l t i e s  can be l i s t e d  a s  f o l l o w s .
E r g o d ic  Random I n p u t s . C o r r e l a t i o n  f u n c t i o n s  are. 
most c o n v e n i e n t l y  c a l c u l a t e d  a s  t im e  a v e r a g e s  i n  p r a c t i c e .
The r e q u i r e m e n t  t h a t  t h e  v a r i a b l e s  a r e  s t a t i s t i c a l l y  
s t a t i o n a r y  and a l s o  a r e  members of  e r g o d i c  random p r o c e s s e s  
may n o t  be s a t i s f i e d .
■ C o r r e l a t i o n s  f rom  F i n i t e  A v e r a g i n g . The t im e  
a v e r a g i n g  c a l c u l a t i o n  o f  c o r r e l a t i o n  f u n c t i o n s ,  a s  i n  
E q u a t i o n s  (33)  and ( 3 6 ) ,  r e q u i r e s  a s  i n f i n i t e  a v e r a g i n g  
p e r i o d  i n  t h e o r y .  R e g a r d l e s s  o f  t h e  equ ipm ent  o r  method
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u s e d  i n  p r a c t i c e ,  o n l y  an e s t i m a t e  o f  t h e  c o r r e l a t i o n  
f u n c t i o n ,  t a k e n  from a f i n i t e  l e n g t h  o f  r e c o r d ,  can be 
d e t e r m i n e d .
F o u r i e r  T ran s fo rm  T r u n c a t i o n . The p r e f e r r e d  method 
o f  s o l v i n g  t h e  i n t e g r a l  e q u a t i o n .  E q u a t i o n  ( 5 2 ) ,  f o r  t h e  
s y s tem  r e s p o n s e  i s  i n  t h e  f r e q u e n c y  domain ,  a s  i n  E q u a t io n  
( 5 5 ) .  By t h i s  method t h e  power s p e c t r a l  d e n s i t y  e s t i m a t e s  
a r e  o b t a i n e d  by t r a n s f o r m i n g  t h e  c o r r e l a t i o n  f u n c t i o n .  
C a l c u l a t e d  e s t i m a t e s  o f  t h e  c o r r e l a t i o n  f u n c t i o n s  may n o t  
be d e t e r m i n e d  o u t  t o  v a l u e s  of  t h e  d e l a y  v a r i a b l e ,  h ig h  
enough  f o r  t h e  f u n c t i o n s  t o  d i s a p p e a r  e s s e n t i a l l y .  A 
co n s e q u e n c e  i s  t h a t  such  F o u r i e r  t r a n s f o r m  c a l c u l a t i o n s  
must  be t r u n c a t e d  a t  some f i n i t e  v a l u e .  T h is  s i m p l i f i c a t i o n  
i n t r o d u c e s  a n o t h e r  e r r o r  i n  a d d i t i o n  t o  t h e  e r r o r  r e s u l t i n g  
f rom  t h e  u se  o f  e s t i m a t e d  c o r r e l a t i o n  f u n c t i o n s .
D e c o n v o lu t io n  o f  E q u a t i o n  (52) i n  t h e  t im e  domain 
f o r  t h e  im p u l se  r e s p o n s e  h ( t )  l e a d s  t o  d i v e r g e n t  and 
e r r o n e o u s  r e s u l t s  when c a l c u l a t e d  n u m e r i c a l l y  f rom  t h e  
c o r r e l a t i o n  e s t i m a t e s .
C a l c u l a t i o n s . D i f f i c u l t i e s  o r  i n a c c u r a c i e s  
e n c o u n t e r e d  i n  c a l c u l a t i o n s  depend l a r g e l y  upon t h e  methods 
o r  eq u ip m en t  u s e d .  However ,  e f f e c t  o f  f i n i t e  r e c o r d  
l e n g t h s  and  t h e  e f f e c t  o f  t h e  maximum d e l a y , u s e d  i n  t h e  
c o r r e l a t i o n  f u n c t i o n s  a r e  common t o  a l l  m ethods  o f  
c a l c u l a t i o n .  W ith  t h e  more a c c u r a t e  c a l c u l a t i o n  a v a i l a b l e  
t h r o u g h  t h e  use  o f  a d i g i t a l  co m p u te r ,  t h e  s a m p l in g  i n t e r v a l .
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^ t ,  must be p r o p e r l y  s e l e c t e d .  D i g i t a l  c a l c u l a t i o n  was 
u s e d  i n  t h i s  s t u d y  and im p l e m e n t a t i o n  of  o t h e r  ( a n a lo g )  
m e thods  was c o n s i d e r e d  beyond t h e  scope  o f  t h i s  work.  An 
e x c e l l e n t  s u rv e y  o f  v a r i o u s  c o r r e l a t i o n  computing  methods 
h a s  been  p r e s e n t e d  by K a i s e r  and A n g e l l  (15)*
I n p u t  Power S p e c t r a l  D e n s i t y . I t  i s  d e s i r e d  t h a t  
t h e  i n p u t  power s p e c t r a l  d e n s i t i e s  be c o n s t a n t  ou t  t o  t h e  
h i g h e r  f r e q u e n c i e s  o f  i n t e r e s t .  I n a c c u r a c i e s  o f  m e a su re ­
ment can be e n c o u n t e r e d  when t h e  i n p u t  v a r i a b l e s ,  such  as  
t h o s e  o f  a n o r m a l l y  o p e r a t i n g  sy s te m ,  do n o t  c o n t a i n  
s u f f i c i e n t  r e l a t i v e  power a t  some f r e q u e n c i e s  where t h e  
r e s p o n s e  i s  d e s i r e d  t o  be m ea su re d .  Examples  o f  t h i s  k in d  
may e x i s t  where s l i g h t l y  n o n l i n e a r  sy s tem s  a r e  u n d e r  c o n t r o l  
b u t  f o l l o w  a l i m i t  c y c l e  i n  t h e i r  v a r i a t i o n s .  Under t h i s  
k i n d  o f  o p e r a t i o n ,  t h e  i n p u t  power s p e c t r a l  d e n s i t y  may 
peak  g r e a t l y  a t  t h e  c o n t r o l  s y s t e m ' s  " r e s o n a n t ” f r e q u e n c y  
and have  r e l a t i v e l y  l i t t l e  power a t  o t h e r  f r e q u e n c i e s .
P r e v i o u s  I n v e s t i g a t i o n s  
I n v e s t i g a t i o n s  i n  d e t e r m i n i n g  sys tem  dynamics  
u n d e r  t h e  i n f l u e n c e  o f  random d i s t u r b a n c e s  were i n i t i a l l y  
s t i m u l a t e d  on t h e  most p a r t  by t h e  work o f  Lee (19) i n  
1 9 5 0 . As p a r t  o f  t h i s  work Lee showed how t h e  dynamics  of  
a  l i n e a r  sys tem  c o u ld  be d e t e r m in e d  from t h e  s t a t i s t i c a l  
p r o p e r t i e s  o f  i t s  i n p u t  and o u t p u t  v a r i a b l e s .  Goodman (Ô,
9 ) i n  1955 showed in  t h e o r y  t h e  n a t u r a l  e x t e n s i o n  o f  t h e  . 
method t o  m u l t i d i m e n s i o n a l  l i n e a r  s y s t e m s .  He a l s o
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showed t h a t  by t h i s  method a n o n - l i n e a r  sys tem  would  be 
f i t t e d  by a l i n e a r  r e p r e s e n t a t i o n  u n d e r  a minimum l e a s t -  
s q u a r e s  c r i t e r i o n .  Us ing  random i n p u t s ,  Goodman s t u d i e d  
a d i s t i l l a t i o n  column t r a n s f e r  r e l a t i o n s h i p  be tween t h e  
r e f l u x  f l o w  r a t e  and t h e  o v e rh ea d  v a p o r  s t r e a m  t e m p e r a t u r e .
H is  r e s u l t s  gave o n ly  q u a l i t a t i v e  a g reem en t  w i t h  t h e  
s t a n d a r d  s i n u s o i d a l  t e s t i n g  m ethod .  Also in  1955, M a r g o l i s  
(22) i n v e s t i g a t e d  a  l a b o r a t o r y  h e a t  e x c h a n g e r  and Chang (3) 
i n v e s t i g a t e d  a f l o w  c o n t r o l  p r o c e s s  t o  d e t e r m in e  sys tem  
dynam ics  u s i n g  random i n p u t s .  T h e i r  r e s u l t s  were a p p ro x im a te  
due t o  r e l a t i v e l y  s h o r t  r e c o r d ' l e n g t h s .
Some books have a l s o  been p u b l i s h e d  c o n c e r n i n g  t h e  
b r o a d e r  f i e l d  o f  random p r o c e s s e s  i n  a u t o m a t i c  c o n t r o l .  
S o lo d o v n ik o v ’ s book ( 2 6 ) ,  p u b l i s h e d  in  1952 in  R u s s i a ,  was 
one o f  t h e  f i r s t  co m prehens ive  t r e a t m e n t s ,  b an n in g  and 
B a t t i n  ( I S ) ,  i n  1956, p r e s e n t e d  an e x c e l l e n t  t e x t  on t h e  
s u b j e c t .  D avenpor t  ...and R o o t ’ s t e x t  (5)  o f  195S was 
s i m i l a r .
C o n t r i b u t i o n s  i n  t h e  c h e m i c a l  e n g i n e e r i n g  l i t e r a t u r e  
on d e t e r m i n i n g  sy s tem  dynamics  f rom  random d i s t u r b a n c e s  have 
been  s c a r c e  u n t i l  r e c e n t l y .  A r i s  and Amundson ( 1 ) ,  i n  195S, 
c o n s i d e r e d  t im e  r e s p o n s e s  o f  a c h e m i c a l  r e a c t o r  from 
c o r r e l a t i o n  f u n c t i o n s  i n v o l v i n g  i n p u t  and o u t p u t  v a r i a b l e s .  
T h i s  work was a t h e o r e t i c a l  s t u d y  o f  a l i n e a r i z e d  m a t h e m a t i c a l  
model  d i s t u r b e d  by random n o i s e  h a v i n g  assumed s t a t i s t i c a l  
p r o p e r t i e s .  Us ing  an a n a l o g  com pu te r  t o  s i m u l a t e  f i r s t  and
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second  o r d e r  sys tem  b e h a v i o r  and d i g i t a l  co m p u ta t io n  o f  
t h e  s t a t i s t i c a l  f u n c t i o n s .  Gore ( 1 1 ) ,  i n  1959,  d e t e r m in e d  
f r e q u e n c y  r e s p o n s e  by t h i s  m ethod.  H is  a c c u r a c y  was 
l i m i t e d  by r e c o r d  l e n g t h s .  Homan and T i e r n e y  ( 1 2 ) ,  i n  
i 9 6 0 , s i m u l a t e d  t h e  dynamic b e h a v i o r  of  a c h e m ic a l  r e a c t o r  
t o  a  random i n p u t  by a d i g i t a l  computer.-  They showed t h e  
e f f e c t s  o f  some t im e  p a r a m e t e r s  used  i n  t h e  d e t e r m i n a t i o n  
o f  t h e  im p u lse  r e s p o n s e  and r e a l  and im a g i n a r y  p a r t s  o f  t h e  
f r e q u e n c y  r e s p o n s e .
Scope of  t h i s  I n v e s t i g a t i o n  
E x p e r i m e n t a l  d e t e r m i n a t i o n s  o f  sys tem  dynamics  by 
s t a t i s t i c a l  m easu rem en ts  a r e  n e c e s s a r i l y  a p p r o x i m a te .  
E x p e r i m e n t e r s  i n  t h i s  f i e l d  a r e  t r o u b l e d  w i t h  t h e  q u e s t i o n  
of  a c c u r a c y .  In  a c t u a l  d e t e r m i n a t i o n s  o f  t h i s  k i n d  i t  i s  
d e s i r a b l e  t o  know b e f o r e h a n d  t h e  r e q u i r e m e n t s  of  t h e  
m e asu rem en ts  and c a l c u l a t i o n s  t o  p ro d u ce  a g iv e n  d e g r e e  o f  
a c c u r a c y .  A knowledge of  t h e  more a d v a n t a g e o u s  n u m e r i c a l  
t e c h n i q u e s  a l s o  becomes i m p o r t a n t .  T h i s  s tu d y  was u n d e r ­
t a k e n  t o  q u a l i f y  some of  t h e s e  r e q u i r e m e n t s .
S p e c i f i c  o b j e c t i v e s  o f  t h i s  s t u d y  a r e  t h e  f o l l o w i n g ;  
( 1 . )  To c a r r y  ou t  d e t e r m i n a t i o n s  o f  f r e q u e n c y  r e s p o n s e  
on an e x p e r i m e n t a l  a p p a r a t u s  u n d e r  s i m u l a t e d  
o p e r a t i n g  c o n d i t i o n s .
( 2 . )  To e v a l u a t e  t h e  e f f e c t  o f  and t o  e s t a b l i s h  
r e q u i r e m e n t s  on t im e  p a r a m e t e r s  i n  t h e  
r e c o r d i n g s  and c a l c u l a t i o n s  o f  t h e  above .
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( 3 . )  To e v a l u a t e  a c c u r a c y  o f  d e t e r m i n a t i o n s  u s i n g  
t h i s  m e thod ,  e s p e c i a l l y  a s  a  f u n c t i o n  o f  t h e  
t im e  p a r a m e t e r s  abo v e .
(4*)  To i n v e s t i g a t e  some n u m e r i c a l  t e c h n i q u e s  need ed  
t o  improve  t h e  c a l c u l a t i o n s .
CHAPTER V 
EXPERIMENTAL APPARATUS
E x p e r i m e n t a l  work o f  t h i s  s tu d y  was f o r  t h e  pu rpose  
o f  s i m u l a t i n g  t h e  dynamic o p e r a t i o n  of  a c o n t i n u o u s  s t i r r e d  
t a n k  r e a c t o r .  The aim was t o  s i m u l a t e  o p e r a t i o n  o f  a 
r e a c t o r  r e p r e s e n t a t i v e  o f  an i n d u s t r i a l  ty p e  where a 
l i q u i d  phase  e x o th e rm ic  r e a c t i o n  would be c a r r i e d  o u t .  The 
dynamic o r  t r a n s f e r  r e l a t i o n s h i p  o f  i n t e r e s t  f o r  t h i s  case  
i s  u s u a l l y  t h a t  be tween t h e  c o o l a n t  f lo w  r a t e  a s  t h e  i n p u t  
and r e a c t o r  t e m p e r a t u r e  a s  a r e s p o n s e .  The r e a c t o r  and i t s  
a u x i l i a r y  equ ipm ent  used  were d e s ig n e d  t o  measure  t h i s  
r e l a t i o n s h i p .
No a c t u a l  c h e m ic a l  r e a c t i o n  was c a r r i e d  ou t  i n  t h e  
r e a c t o r ;  a  h e a t  exchange  p r o c e s s  was made between a h o t  
i n l e t  f l u i d  t o  t h e  r e a c t o r  and t h e  f l u i d  p a s s i n g  th r o u g h  
t h e  c o o l a n t  c o i l s .  Both  f l u i d s  used  were w a t e r .  T h is  
a r r a n g e m e n t  s e r v e d  two p u r p o s e s .  I t  k e p t  t h e  t r a n s f e r  
r e l a t i o n s h i p  s i m p l i f i e d  and a v o id e d  t h e  expense  i n v o l v e d  
w i t h  a c o n t i n u o u s  f l o w  of  r e a c t a n t s .
A f u n c t i o n a l  a r r a n g e m e n t  o f  equ ipm ent  i s  shown i n  
■Figure 6 .  Hot w a t e r  e n t e r e d  t h e  r e a c t o r  a t  a c o n s t a n t  f l o w
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F u n c t i o n . b y  A u t o - C r o s s c o r r e l a t i o n  Method
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r a t e .  T em p era tu re  ch an g es  were cau se d  by c o o l i n g  w a t e r  f l o w  
r a t e  t h r o u g h  t h e  r e a c t o r  c o i l s .  The e x i t  r e a c t o r  f l u i d  
r e c y c l e d  back  t o  a f e e d  drum where c o n s t a n t  t e m p e r a t u r e  was 
m a i n t a i n e d .  The v a r i a b l e s ,  r e a c t o r  t e m p e r a t u r e  and c l a n t  
f l o w  r a t e ,  were s e n se d  and r e c o r d e d  a s  shown.
Two d i f f e r e n t  t y p e s  o f  o p e r a t i o n  were u s e d .  The 
f i r s t ,  em p loy ing  o n ly  one i n p u t  v a r i a b l e ,  was made k e e p i n g  
t h e  r e a c t o r  i n l e t  f l u i d  a t  a c o n s t a n t  t e m p e r a t u r e .  In  t h e  
s e co n d ,  em ploy ing  two s im u l t a n e o u s  d i s t u r b a n c e s ,  t h e  i n l e t  
t e m p e r a t u r e  was a l s o  v a r i e d .  T h i s  d i s t u r b a n c e  was accom­
p l i s h e d  by p u l s i n g  s team  i n t o  t h e  j a c k e t  o f  a s m a l l  c o n c e n t r i c  
p ip e  h e a t  e x c h a n g e r  a ro u n d  a s e c t i o n  o f  a i n l e t  p i p e .
R e a c t o r
The r e a c t o r  u sed  i n  t h e s e  t e s t s  was one f o r  which  
F a n n in g  (6) has  i n v e s t i g a t e d  dynamic r e l a t i o n s h i p s .  A 
t h o r o u g h  d e s c r i p t i o n  o f  t h e  r e a c t o r  can be fo u n d  i n  h i s  
t h e s i s .  The r e a c t o r  was b a s i c a l l y  a t a n k  1 2 - i n c h e s  i n  
d i a m e t e r  and 1 5 - i n c h e s  i n  h e i g h t .  Throughou t  t h e  h e i g h t  
o f  t h e  r e a c t o r ,  f o u r  v e r t i c a l  b a f f l e s  e x t e n d e d  one i n c h  
f rom t h e  i n n e r  w a l l  and were s e t  90 d e g r e e s  a p a r t .  The 
w a l l s  were #14 gauge t y p e  316 s t a i n l e s s  s t e e l .  Therm al  
i n s u l a t i o n  was p r o v id e d  by a one i n c h  t h i c k  c o v e r i n g  o f  g l a s s  
wool s h e a t h e d  w i t h  aluminum f o i l .
. O p e r a t i o n  was c a r r i e d  on a t  a t m o s p h e r i c  p r e s s u r e .
The r e a c t o r  was open a t  t h e  t o p  b u t  u sed  w i t h  a fo rm ed 
wooden c o v e r  o v e r  t h e  t o p  t o  r e d u c e  h e a t  and e v a p o r a t i o n
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l o s s e s .  F low e n t e r e d  i n t o  t h e  r e a c t o r ” i n  t h e  bo t tom  a t  t h e  
c e n t e r  and l e f t  by a 3 / 4 - i n c h  h o l e  i n  t h e  s i d e  w a l l  n e a r  
t h e  t o p .  The e x i t  f l u i d  was syphoned th r o u g h  a  p i p e  t o  an 
a c c u m u l a t o r  a p p r o x i m a t e l y  t h r e e  f e e t  below t h e  r e a c t o r .
By m a i n t a i n i n g  a c o n s t a n t  f l o w  t h r o u g h  t h e  r e a c t o r  a 
c o n s t a n t  volume was h e l d  i n  t h e  r e a c t o r .
C o o l in g  c o i l s  i n s i d e  t h e  r e a c t o r  were made from 
5 / B - i n c h  O.D. c o p p e r  t u b i n g .  Heat  exchange  a r e a  was 1 .8 4  
s q u a r e  f e e t  p ro d u ced  by 7 .5  t u r n s  wound on an a p p ro x im a te  
5 - i n c h  d i a m e t e r .
S t i r r i n g  a c t i o n  was p r o v i d e d  by a Model CV-4 
" I d g h t n i n "  p o r t a b l e  m ix e r  w i t h  a t u r b i n e  t y p e  i m p e l l o r .
The m ix e r  m o to r  was a 1 /4  H .P .  v a r i a b l e  speed  b r u s h  . 
s h i f t i n g  t y p e .  The 4 - i n c h  d i a m e t e r  t u r b i n e  was ru n  a t  360 
R.P.M. f o r  a l l  r u n s .
F l u i d  e n t e r i n g  t h e  r e a c t o r  was pumped from a f e e d  
drum by a c e n t r i f u g a l  pump and c o n t r o l l e d  m a n u a l ly  w i t h  a 
3 / 8 - i n c h  n e e d l e  value# i n  t h e  l i n e .  The pump was a Gould 
10 G.P.M. pump ( r a t e d  a t  20 f e e t  o f  w a t e r  d i f f e r e n t i a l ) .
A F i s c h e r - P o r t e r  s e r i e s  1700 " F l o w r a t o r "  was u sed  t o  
i n d i c a t e  f l o w  r a t e .  A l l  r u n s  were made a t  3 . 8 4  G.P.M.
Some m in u te  f l o w  r a t e  v a r i a t i o n s  were e n c o u n t e r e d ,  b u t  t h e  
r a t e  d i d  n o t  d r i f t  s i g n i f i c a n t l y  d u r i n g  any r u n .
A f t e r  l e a v i n g  t h e  r e a c t o r ,  t h e  e x i t  f l u i d  was 
c o l l e c t e d ,  by s i p h o n i n g ,  i n  a 55 g a l l o n  o v e r f l o w  a c c u m u la to r  
b a r r e l .  A 10 G.P.M. Deming c e n t r i f u g a l  pump ( r a t e d  a t  20
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f e e t  o f  w a t e r  d i f f e r e n t i a l )  was used  t o  remove t h i s  f l u i d  
f rom  t h e  b a r r e l .  S in ce  t h e  r e c i r c u l a t i o n  r a t e  was w e l l  
be low  10 G .P .M .,  t h i s  b a r r e l  r em a in ed  n e a r l y  empty d u r in g  
a r u n .
T e m p e r a t u r e - C o n t r o l l e d  Feed  Tank
F l u i d  r e c i r c u l a t e d  from t h e  o v e r f l o w  a c c u m u la to r  
t a n k  was mixed i n  a t e m p e r a t u r e  c o n t r o l l e d  f e e d  drum b e f o r e  
r e e n t e r i n g  t h e  r e a c t o r .  About 30 g a l l o n s  o f  f l u i d  were 
k e p t  i n  t h i s  55 g a l l o n  o p e n - t o p  b a r r e l .  The f l u i d  was 
k e p t  w e l l  s t i r r e d  by t h e  use  o f  a l / 4  H.P.  p o r t a b l e  m ixer  
clamped on t h e  t o p  edge o f  t h e  b a r r e l .  The m ixe r  s h a f t  
t r a n s m i t t e d  i t s  power t o  t h e  f l u i d  by two,  3 - i n c h  d i a m e t e r  
p r o p e l l e r s .
A t e m p e r a t u r e  c o n t r o l  sys tem  was used  t o  m a i n t a i n  
t e m p e r a t u r e  a t  a p p r o x i m a t e l y  150°F.  Tem pera tu re  was s e n se d  
i n  a p ip e  t e e  im m e d ia t e ly  a f t e r  l e a v i n g  t h e  f e e d  drum by 
means o f  a b a r e  c o p p e r - c o n s t a n t a n  th e r m o c o u p le .  I n d i c a t i n g ,  
r e c o r d i n g ,  and c o n t r o l l i n g  a c t i o n s  o f  t h i s  t e m p e r a t u r e  were 
c a r r i e d  ou t  by means of  a Model 152 M in n e a p o l i s -H o n e y w e l l  
Brown " E l e c t r o n i k "  P o t e n t i o m e t e r .  P neum at ic  c o n t r o l s  were 
an i n t e g r a l  p a r t  o f  t h e  i n s t r u m e n t .  Used w i t h  t h e  t y p e  T 
t h e r m o c o u p le ,  t h e  r a n g e  was 50°F t o  250°F .  Both p r o p o r t i o n a l  
and  r e s e t  a c t i o n  were u s e d .  The 3 -15  p s i  o u t p u t  s i g n a l  
o p e r a t e d  a R e s e a r c h  C o n t r o l s  v a l v e  Model 75B t o  p roduce  t h e  
r e q u i r e d  s team  f lo w  t h r o u g h  t h e  c o i l s  immersed i n  t h e  t a n k .  
The c o n t r o l  v a l v e  had a l i n e a r  t r i m ,  a  0^ e q u a l  t o  1 .2 5 ,
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and a i r  t o  c l o s e  a c t i o n .  Steam s u p p ly  p r e s s u r e  was 
r e g u l a t e d  a t  a p p r o x i m a t e l y  60 p s i g .  and a s team  t r a p  was 
employed a t  t h e  d i s c h a r g e  o f  t h e  s team  c o i l s .  The 5 / 8 - i n c h  
co p p e r  t u b i n g  c o i l s  p r o v id e d  a p p r o x i m a t e l y  2 . 8  s q u a re  f e e t  
o f  o u t s i d e  s u r f a c e .  A f t e r  f i n a l  a d j u s t m e n t s  o f  p r o p o r t i o n a l  
band and r e s t ,  t e m p e r a t u r e s  c o u ld  be m a i n t a i n e d  w i t h i n  a 
r a n g e  o f  1°F a t  a d e s i r e d  t e m p e r a t u r e  l e v e l .
C o o l in g  Water  F low C o n t r o l s
Co o l in g  w a te r  f lo w  r a t e  was t h e  main v a r i a b l e  used  
t o  cause  r e a c t o r  t e m p e r a t u r e  v a r i a t i o n s  d u r i n g  o p e r a t i o n .
F o r  t h e  s t a t i s t i c a l  i n p u t ,  i t  was d e s i r e d  t o  have a random 
s q u a re  wave, which n e c e s s i t a t e d  a means o f  h o l d i n g  two 
d r i f t - f r e e  l e v e l s  o f  f l o w  and swi oh ing  be tween  them 
r a p i d l y .  I t  was a c c o m p l i s h e d  by p r o v i d i n g  two p a r a l l e l  
p a t h s  f o r  f lo w .  In  one,  a 3 / 8 - i n c h  n e e d l e  v a l v e  was u sed  
and i n  t h e  o t h e r  p a t h ,  a l / 4 - i n c h  n e e d l e  v a l v e  was u se d  in  
s e r i e s  w i t h  an e l e c t r i c  s o l e n o i d  v a l v e ,  a S k i n n e r  Model 
LC-2 n o r m a l l y  c l o s e d  v a l v e  which u s e s  a 110 v o l t  AC c o i l .  
T h is  a r ra n g e m e n t  a l l o w e d  r a p i d  f l o w  ch an g es  be tw een  0 . 8  
G.P.M. and 1 .2  G .P .M .,  a l t h o u g h  some r o u n d in g  o f  t h e  l e a d i n g  
ed g es  o f  t h e  s q u a re  wave,was p r o d u c e d .  To a s s u r e  a c o n s t a n t  
ups team  p r e s s u r e ,  and t h u s  t o  p r a c t i c a l l y  e l i m i n a t e  t h e  f lo w  
r a t e  " d r i f t i n g , " t h e  v a l v e  m a n i f o l d  was f e d  f rom  a s t a n d p i p e  
29 f e e t  above t h e  e x i t  o f  t h e  r e a c t o r  c o i l s .  With  t h e  above 
a p a r a t u s ,  e i t h e r  o f  two c o o l a n t  f l o w  r a t e s  c o u ld  be s e l e c t e d  
by means o f  a s w i t c h .  S t e a d y  s t a t e  r e a c t o r  t e m p e r a t u r e s
50
p ro d u ced  by t h e  two f lo w  r a t e s  were  2 .9 °F  i n  d i f f e r e n c e .  
F i g u r e  7 shows a sample o f  t h e  r e c o r d i n g  f o r  t h i s  s i n g l e  
i n p u t  c a s e .
R e a c to r  I n l e t  F l u i d  Heat ' Exchanger  
To p roduce  t h e  seco n d  i n p u t  v a r i a b l e ,  r e a c t o r  i n l e t  
t e m p e r a t u r e ,  t h e  f l u i d  e n t e r i n g  was p a s s e d  t h r o u g h  t h e  
c e n t e r  t u b e  o f  a c o n c e n t r i c  p ip e  h e a t  e x c h a n g e r .  A t h i n -  
w a l l e d  5/ 8 - i n c h  o u t s i d e  d i a m e t e r  b r a s s  t u b e  was u sed  a s  t h e  
i n n e r  p ip e  and t h e  o u t e r  j a c k e t  was c o n s t r u c t e d  o f  a 3 - i n c h  
d i a m e t e r  s t e e l  p i p e .  The j a c k e t  l e n g t h  was 1 2 - i n c h e s  and 
t h u s  an e f f e c t i v e  a r e a  f o r  h e a t  exchange  was A ? . l - s q u a r e  
i n c h e s .  S a t u r a t e d  s team  r e g u l a t e d  a t  60 I b / s q . i n .  gage  was 
a l l o w e d  t o  f l o w  i n t o  t h e  j a c k e t  volume by means o f  a 
s o l e n o i d  v a l v e — - t h e  same t y p e  a s  u sed  in  t h e  w a t e r  l i n e .  
S w i t c h i n g  o f  t h e  v a l v e  on and o f f  d i d  n o t  p roduce  a s q u a re  
wave r e s p o n s e  i n  r e a c t o r  i n l e t  t e m p e r a t u r e  b e c a u s e  o f  t h e  
t h e r m a l  c a p a c i t y  o f  t h e  i n n e r  t u b e  w a l l . a n d  f l o w i n g  w a t e r .  
The shape  o f  r e s p o n s e  t o  random s w i t c h i n g  can be seen  i n  
F i g u r e  8 .  The h e a t  f l u x  d i f f e r e n c e  im p o r te d  by t h i s  
e x c h a n g e r  was enough t o  p ro d u ce  s t e a d y  s t a t e  r e a c t o r  
t e m p e r a t u r e  d i f f e r e n c e s  of  1 . 8 ° F .
S e n s in g  and R e c o rd in g  t h e  O p e r a t i n g 'D a t a  
R e a c t o r  T e m p e r a t u r e . In  o r d e r  t o  p r o v id e  t h e  
r e a c t o r  t e m p e r a t u r e  measurement  w i t h  good s e n s i t i v i t y  and a 
wide b a n d w id th  i n  f r e q u e n c y  r e s p o n s e ,  a  p i l e  o f  f i v e  b a r
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A T y p i c a l  P o r t i o n  o f  R e c o r d e d  D a t a  F o r  Two I n p u t  F u n c t i o n s
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c o p p e r — c o n s t a n t a n  th e r m o c o u p le s  were u s e d .  The th e rm o ­
c o u p le s  were mounted on a p robe  a ro u n d  c i r c l e  o f  an 
a p p r o x im a te  l ^ - i n c h  d i a m e t e r .  The p robe  was e x te n d e d  i n t o  
t h e  r e a c t o r  so t h a t  t h e  th e rm o c o u p le  j u n c t i o n s  were a p p r o x i ­
m a t e l y  2 g - i n c h e s  f rom t h e  s i d e  e x i t  "ho le ,  and a p p r o x i m a t e l y  
2 g - i n c h e s  below t h e  t o p  s u r f a c e  o f  f l u i d .  Thermocouple 
l e a d s  were c a r r i e d  o u t  f o r  a p p r o x i m a t e l y  3 - f t .  t o  an i c e  
b a t h  u sed  a s  t h e  c o l d  j u n c t i o n  f o r  a l l  f i v e  t h e r m o c o u p le s .  
From t h e  i c e  b a t h ,  t h e  p o t e n t i a l  d e v e lo p e d  by t h e  f i v e  
c o u p le s  i n  s e r i e s  was c a r r i e d  by a two (c o p p e r )  c o n d u c to r  
s h i e l d e d  c a b l e  t o  an a m p l i f i e r .  A p o t e n t i a l  o f  a p p r o x i m a t e l y  
110 m i c r o v o l t s  p e r  d e g r e e  F a h r e n h e i t  c o u ld  be o b t a i n e d  by 
t h i s  a r r a n g e m e n t .
In  o r d e r  t o  r e c o r d  a s u i t a b l e  t e m p e r a t u r e  r a n g e ,  
t h e  th e rm o c o u p le  p o t e n t i a l  was a m p l i f i e d  u s i n g  a Sanborn  
Model 35O - I 5OO Low-Level  D.C. P r e a m p l i f i e r  w i th  a Model 
350-2  P l u g - i n  U n i t .  T h i s  i n s t r u m e n t  a l l o w e d  a c o n t i n u o u s l y  
a d j u s t a b l e  g a i n  f a c t o r  up t o  50 ,000  and an i n p u t  s u p p r e s s i o n  
o f  + 100 m i l l i v o l t s .  I t s  i n p u t  impedance was 100 ,000  ohms 
and f r e q u e n c y  r e s p o n s e  was 0 t o  100 c y c l e s  p er  s e c o n d .
In  t h e  case  o f  two i n p u t  f u n c t i o n s  o n l y ,  between 
th e  p r e a m p l i f i e r  and a m p l i f i e r  o f  t h e  r e c o r d e r ,  t h e  
t h e r m o c o u p le  s i g n a l  was p a s s e d  t h r o u g h  a two s t a g e  R.C. 
f i l t e r  h a v in g  b r e a k  f r e q u e n c i e s  a t  8 2 .2  and 5^1.  r a d i a n s  p e r  
m i n u t e .  I t s  pu rp o se  was t o  f i l t e r  o u t  u n n e c e s s a r y  n o i s e  a t  
f r e q u e n c i e s  f a r  beyond t h e  b a n d p a s s  o f  t h e  c h e m ic a l  r e a c t o r
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b e in g  m e a s u re d .  The f i l t e r  t h u s  s e r v e d  t o  r e d u c e  a l i a s i n g  
w h i l e  n o t  a t t e n u a t i n g  g r e a t l y  a t  t h o s e  f r e q u e n c i e s  o f  
i n t e r e s t .
R e c o rd in g s  were made on a Sanborn  Model  6 O - I3 OO 
Two C h a n n ë l - R è c o r d e r . The maximum s e n s i t i v i t y  a v a i l a b l e  
on t h i s  r e c o r d e r  and i t s  a m p l i f i e r s  was 0 .0 2 5  v o l t s  f o r  a 
f u l l  s c a l e  d e f l e c t i o n  o f  5 c e n t i m e t e r s .  T h i s  s e n s i t i v i t y  
made i t  p o s s i b l e  f o r  t h e  o v e r a l l  sy s tem  t o  r e c o r d  a t e m p e r ­
a t u r e  r a n g e  a s  low a s  .00455°F  f u l l  s c a l e .  F o r  t h e  work 
h e r e i n  a r a n g e  o f  e i t h e r  3 . 2 °  o r  5»9°F f u l l  s c a l e  was u s e d .  
The z e r o  l e v e l  o f  t h i s  r a n g e  c o u ld  be changed  w i d e l y  by a 
p o t e n t i o m e t e r  s e t t i n g  t h e  m i l l i v o l t s  o f  s u p p r e s s i o n .  The 
r e c o r d e r  b a n d w id th  was 0 t o  45 c y c l e s  p e r  seco n d  so t h a t  no 
" u s e f u l "  f r e q u e n c i e s  were a t t e n u a t e d .
R e a c t o r  I n l e t  T e m p e r a t u r e . The r e a c t o r  i n l e t  
t e m p e r a t u r e  was s e n se d  and r e c o r d e d  i n  a d u p l i c a t e  s y s te m .  
At a p p r o x i m a t e l y  two f e e t  b e f o r e  e n t e r i n g  t h e  r e a c t o r ,  f i v e  
b a r e  c o p p e r - c o n s t a n t a n  th e r m o c o u p le s  s e n se d  t h e  t e m p e r a t u r e  
o f  t h e  f l o w i n g  f l u i d .  The s e n s i n g  l o c a t i o n  was i n  a g - i n c h  
p ip e  t e e  where t h e  f l o w  d i r e c t i o n  was changed  90 d e g r e e s .  
The th e r m o c o u p le s  were l e d  t h r o u g h  and h e l d  i n  p l a c e  by a 
c y l i n d r i c a l  T e f lo n  p lu g  f i t t e d  s n u g ly  i n  a g - i n c h  Craw ford  
p i p e - t o - t u b i n g  a d a p t e r .  Gain s e t t i n g s  on t h e  p r e a m p l i f i e r  
and r e c o r d e r  a m p l i f i e r  were made t o  r e c o r d  a 5°F r a n g e  and 
t h e  r e c o r d e r  z e ro  l e v e l  co u ld  be v a r i e d  t o  any  d e s i r e d  
t e m p e r a t u r e .  A t y p i c a l  r e c o r d  o f  i n l e t  t e m p e r a t u r e  i s
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shown a s  a p a r t  of  F i g u r e  8 .
C o o la n t  Flow R a t e . Measurement o f  t h e  c o o l a n t  f lo w  
r a t e  a f t e r  l e a v i n g  t h e  r e a c t o r  c o i l s  was p r o v id e d  by a 
Waugh Model F1-6S  t u r b i n e  t y p e  f l o w  p i c k u p .  The s i g n a l  
f rom  t h i s  d e v i c e  was c a r r i e d  by a s h i e l d e d  two c o n d u c to r  
c a b l e  t o  a c o n t r o l ,  p a n e l -m o u n te d  c o n v e r s i o n  u n i t .  T h is  
u n i t  was a Waugh Model FR-111 P u l s e  Rate  C o n v e r t e r  which 
s e r v e d  t o  c o n v e r t  p u l s e  f r e q u e n c i e s  t o  an a n a l o g  v o l t a g e  
p r o p o r t i o n a l  t o  f lo w .  These two d e v i c e s  combined t o  g iv e  a 
c a l i b r a t i o n  o f  O.3 t o  2 . 0  G.P.M. on a l i n e a r  s c a l e  w i t h  l e s s  
t h a n  0 .5  p e r  c e n t  e r r o r .  The a n a l o g  v o l t a g e ,  0 t o  50 
m i l l i v o l t s ,  f rom  t h e  p u l s e  r a t e  c o n v e r t e r  c o u ld  be r e c o r d e d  
on t h e  two c h a n n e l  r e c o r d e r .  A t y p i c a l  r e c o r d i n g  i s  shown 
i n  F i g u r e  7.
F o r  t h e  r u n s  i n  which  two i n p u t s  were u s e d ,  i t  was 
d e s i r e d  t o  r e c o r d  t h r e e  v a r i a b l e s ,  i n l e t  r e a c t o r  t e m p e r a t u r e ,  
i n s i d e  r e a c t o r  t e m p e r a t u r e ,  and c o o l a n t  f l o w  r a t e .  Because  
t h e  c o o l a n t  f l o w  r a t e  assumed o n ly  two d i f f e r e n t  v a l u e s ,  
o r  was b i n a r y  t y p e  i n f o r m a t i o n ,  a n o t h e r  a r r a n g e m e n t  was made 
t o  r e c o r d  i t .  I n  p l a n e  o f  s e n s i n g  t h e  f l o w .a n d  r e c o r d i n g  i t ,  
i n f o r m a t i o n  was p u t  on t h e  r e c o r d i n g  by t h e  m a rk e r  pen .  A 
r e l a y  e n e r g i z e d  t h r o u g h  t h e  c o o l a n t  s o l e n o i d  s w i t c h  was u sed  
t o  a c t u a t e  t h e  m ark e r  p en .  When t h e  h ig h  f l o w  o c c u r e d ,  t h e  
m ark e r  pen t h e n  gave an en v e lo p e  o f  60 c y c l e  v a r i a t i o n s ,  and 
when low f lo w  o c c u r r e d ,  t h e  m ark e r  pen was s t i l l .  Three 
c h a n n e l s  o f  i n f o r m a t i o n  co u ld  t h u s  be r e c o r d e d  a s  shown in  
F i g u r e  8.
CHAPTER VI 
INVESTIGATIONS
T r a n s f e r  R e l a t i o n s h i p  
E x p e r i m e n t a l  d a t a  o f  t h e s e  i n v e s t i g a t i o n s  c o n s i s t e d  
o f  o p e r a t i n g  r e c o r d s  o f  t h e  equ ipment  a s  d e s c r i b e d  i n  t h e  
p r e v i o u s  c h a p t e r .  Two d i f f e r e n t  r e c o r d i n g s  were made f o r  
t h e  d e t e r m i n a t i o n  o f  t h e  t r a n s f e r  r e l a t i o n s h i p  between 
c o o l i n g  w a t e r  f l o w  r a t e  and r e a c t o r  t e m p e r a t u r e .  Each 
r e c o r d i n g  was made f o r  a  p e r i o d  o f  a p p r o x i m a t e l y  3 h o u rs  
and 10 m i n u t e s .  In  t h e  f i r s t ,  o n ly  one random d i s t u r b a n c e -  
c o o l i n g  w a t e r  f l o w  r a t e  was imposed upon t h e  r e a c t o r .  A l l  
o t h e r  i n p u t  v a r i a b l e s  were h e l d  e s s e n t i a l l y  c o n s t a n t .  In 
t h e  second  r e c o r d i n g ,  random d i s t u r b a n c e s  were i n t r o d u c e d  
by b o t h  c o o l i n g  w a t e r  f lo w  r a t e  and t e m p e r a t u r e  of  t h e  
r e a c t o r  i n l e t  f l u i d .
Data  G e n e r a t i o n  and P r o c e s s i n g  
Random I n p u t  F u n c t i o n s . C o o la n t  f lo w  r a t e  d i s t u r b ­
a n c e s  were i n t r o d u c e d  i n t o  t h e  e x p e r i m e n t a l  equipment  i n  t h e  
form o f  a  random sq u a re  wave. T h is  t y p e  o f  random i n p u t  was 
a r a t h e r  s im p le  m a t t e r  t o  g e n e r a t e .  _ I t  was g e n e r a t e d  by 
s e l e c t i n g  one o f  two p r e d e t e r m i n e d  f lo w  r a t e s  a t  a f i x e d
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i n t e r v a l  o f  t i m e ,  10 s e c o n d s .  The random s e l e c t i o n  o f  e i t h e r  
f l o w  r a t e  was made by t h e  use  o f  a t a b l e  o f  random d i g i t s  
( 2 3 ) i n  which  each  d i g i t  a p p e a r s  w i t h  e q u a l  p r o b a b i l i t y .
A h ig h  o r  low f lo w  r a t e ,  s e l e c t e d  by s w i t c h i n g  an e l e c t r i c  
s o l e n o i d  v a l v e ,  was d e t e r m in e d  f rom sa m p l in g  an .odd o r  
even d i g i t  a t  t h e  b e g i n n i n g  o f  each  t im e  i n t e r v a l .  T h e re ­
f o r e ,  d u r i n g  any f u t u r e  i n t e r v a l _ o f  t i m e ,  a h ig h  o r  low 
f lo w  r a t e  c o u ld  o c c u r  w i t h ' e q u a l  p r o b a b i l i t y .
In p u t  A u t o c o r r e l a t i o n  F u n c t i o n . The a u t o c o r r e l a t i o n  
f u n c t i o n  o f  t h i s  i n p u t  f u n c t i o n  h as  t h e  s im p le  form of  an 
i s o s c e l e s  t r i a n g l e  c e n t e r e d  a t  t h e  o r i g i n  a s
-  x2 ( t : 1- \ n
T.
=  0
f o r  0 -  ITI ^  T,
f o r  | T |  :*T, (8 5)
where Tg i s  t h e  t a b l e  s a m p l in g ,  o r  s w i t c h i n g ,  p e r i o d .  A 
d e r i v a t i o n  o f  t h i s  r e l a t i o n s h i p  i s  p r e s e n t e d  in  Appendix  A. 
With  r e f e r e n c e  t o  F i g u r e  9 ,  i t  can be' s een  t h a t  t h i s  
a u t o c o r r e l a t i o n  f u n c t i o n  a p p r o a c h e s  an im p u lse  f u n c t i o n  a s  
Tg a p p r o a c h e s  z e r o .  '
> - r
F i g u r e  9
A u t o c o r r e l a t i o n  o f  I n p u t  fiandom Square  Ware
5Ô
T h i s  p r o p e r t y  becomes c o n v e n i e n t ,  b e c a u s e  a c r o s s c o r r e l a t i o n ,  
^ x z ,  between t h i s  i n p u t  x ( t )  and t h e  o u t p u t  z ( t )  t h e n  
a p p r o a c h e s  an im p u lse  r e s p o n s e  f u n c t i o n .
The power s p e c t r a l  d e n s i t y  o f  t h i s  random s q u a re  
wave i s ,  o f  c o u r s e ,  t h e  F o u r i e r  t r a n s f o r m  of  E q u a t io n  (Ô5) .  
The r e s u l t  becomes
I
s i n  7t—
= x 2 ( t ) T .^xx ^yTg
\  2 /  ( 8 6 )
(See Appendix A.) F o r  s m a l l  v a l u e s  o f  t h e  p a r a m e t e r  Tg t h i s  
f u n c t i o n  i s  b r o a d  i n  f r e q u e n c y  and t h e  c o n v e r se  h o l d s .  A 
n e c e s s i t y  o f  t h i s  s t a t i s t i c a l  method o f  m e a s u r in g  a sys tem  
f r e q u e n c y  r e s p o n s e  i s  t h a t  t h e  i n p u t  f u n c t i o n  c o n t a i n s  
enough power a t  t h e  f r e q u e n c i e s  o f  i n t e r e s t  so t h a t  a 
r e s p o n s e  can be m easu red  a t  t h o s e  f r e q u e n c i e s .  Th is  
r e q u i r e m e n t  h o l d s  s i m i l a r l y  f o r  a l l  t y p e s  o f  f r e q u e n c y  
r e s p o n s e  m e a s u rem e n t s ,  i n c l u d i n g  p u l s e  t e s t i n g .  I t  i s  
t h e r e f o r e  q u i t e  h e l p f u l  t o  know a p r i o r i  t h e  a p p r o x i m a t e  
f r e q u e n c y  r e s p o n s e  o f  t h e  sy s tem  o r  t h e  f r e q u e n c y  ran g e  of  
i n t e r e s t .
S e l e c t i o n  o f  Tg. A m a t h e m a t i c a l  model  o f  t h e  
e x p e r i m e n t a l  sy s tem  was f i r s t  examined t o  a p p r o x im a te  i t s  
f r e q u e n c y  r e s p o n s e .  A lumped p a r a m e t e r  sy s te m  and l i n e a r  
c o n s t a n t  c o e f f i c i e n t  e q u a t i o n s  were assumed t o  a p p l y .  See 
Appendix  B f o r  t h e  d e r i v a t i o n .  A com par ison  o f  t h e  m o d e l ’ s 
f r e q u e n c y  r e s p o n s e  and t h e  i n p u t  power s p e c t r a l  d e n s i t y
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( f rom  E q u a t i o n  (86) f o r  Tg = 10 s eco n d s  was made. The 
power s e c t r a l  d e n s i t y  o f  t h i s  random s q u a re  wave does  
e x t e n d  b eyon d  t h e  sys tem  f r e q u e n c y  r e s p o n s e  b u t  i t  h a s  a 
s l i g h t  d i s a d v a n t a g e  i n  t h a t  i t  h a s  a r e p e a t i n g  z e ro  v a l u e  
a t ^ T s  = nIT, where n = 1 , 2 , 3 ,  e t c .  S e l e c t i o n  o f  a 10
second  b a s i c  s w i t c h i n g  p e r i o d  makes t h e  f i r s t  ze ro  o c c u r  a t
3 7 . 7  r a d i a n s  where t h e  s y s tem  r e s p o n s e  i s  e x p e c t e d  t o  be
a t t e n u a t e d  more t h a n  2 d e c a d e s .  The v a l u e  Tg = 10 seco n d s
was t h u s  s u i t a b l e  f o r  t h e  e x p e r i m e n t a l  work.
P r e p a r a t i o n  o f  Recorded  Data  f o r  D i g i t a l  Com puta t ion
S e l e c t i o n  o f  Sampling  I n t e r v a l .  A t . D i g i t a l  computer  
c a l c u l a t i o n s  made on t h e  c o n t i n u o u s l y  r e c o r d e d  d a t a  from t h e  
e x p e r i m e n t a l  equ ipm en t  must  n e c e s s a r i l y  i n v o l v e  d i s c r e t e  
v a l u e s  t a k e n  a t  some d e f i n i t e  s a m p l in g  i n t e r v a l .  To 
m in im iz e  t h e  c o m p u ta t io n ,  l a r g e  i n t e r v a l s  a r e  d e s i r e d ;  b u t  
t o  r e c o v e r  t h e  h i g h e r  f r e q u e n c y  i n f o r m a t i o n  o f  t h e  f u n c t i o n ,  
t h e  i n t e r v a l  must  be l e s s  t h a n  o n e - h a l f  o f  t h e  p e r i o d  o f  t h e  
h i g h e s t  f r e q u e n c y  t o  be r e c o v e r e d ,  a c c o r d i n g  t o  t h e  
N y q u i s t  s a m p l in g  th e o rem .  Any i n f o r m a t i o n  above t h e  
f r e q u e n c y  A/f i s  f o l d e d  back and added t o  t h e  t r u e  sp ec t ru m  
a s  t h e  r e s u l t i n g  sp ec t ru m  o f  t h e  d i s c r e t e  f u n c t i o n .  Thus,  
t h e  s a m p l in g  i n t e r v a l  must be chosen  t o  g i v e  a f o l d i n g  
f r e q u e n c y  t h a t  w i l l  n o t  f o l d  b a c k ,  o r  cause  a l i a s i n g ,  i n t o  
t h e  s i g n i f i c a n t  r a n g e  o f  t h e  f r e q u e n c y  r e s p o n s e .
The s a m p l in g  i n t e r v a l  u sed  was 1.93 s eco n d s  
c o r r e s p o n d i n g  t o  one m i l l i m e t e r  o f  r e c o r d  l e n g t h .  T h is
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i n t e r v a l  d e f i n e s  t h e  f o l d i n g  f r e q u e n c y  t o  be 9 7 .5  r a d i a n s  
p e r  m in u te .  T h is  f r e q u e n c y  i s  w e l l  above t h e  s i g n i f i c a n t  
r e s p o n s e  o f  t h e  eq u ip m en t .
Data  T r a n s f e r  t o  D i g i t a l  Computer . The p r o c e s s  of  
t r a n s f e r r i n g  r e c o r d e d  d a t a  t o  t h e  d i g i t a l  computer  was 
■ p e r fo rm ed  a lm o s t  e n t i r e l y  by hand .  An o u t l i n e  o f  t h i s  
p r o c e d u r e  was a s  f o l l o w s :
(a)  Each sampled p o i n t  o f  t h e  system v a r i a b l e s  was 
r e a d  (by eye)  t o  two d i g i t s  from t h e  50 
d i v i s i o n ,  5 c e n t i m e t e r  wide r e c o r d i n g s .  V a lues  
f o r  t h e  c o o l a n t  f l o w  r a t e  were r e a d  a s  e i t h e r  
p l u s  o r  minus one f o r  t h e  h ig h  and low f lo w  
r a t e s  r e s p e c t i v e l y .
(b) The s e r i e s  o f  numbers  were punched on IBM c a r d s .
(c)  The c a r d s  were r e a d  i n t o  t h e  computer  and 
c o n v e r t e d  t o  f l o a t i n g  p o i n t  d e c im a l  numbers .
The a v e ra g e  v a l u e  f o r  t h e  e n t i r e  r e c o r d  was 
computed and s u b t r a c t e d  from each  number .
C o o la n t  f lo w  r a t e  v a l u e s  were k e p t  a s  p l u s  
o r  minus  one .
(d) These s e r i e s  o f  numbers  were s t o r e d  f o r  
c o m p u t a t i o n s .  I n - t h e  f i r s t  phase  o f  t h e  work, 
f o r  one i n p u t  v a r i a b l e ,  s t o r a g e  was i n  t h e  form 
o f  IBM c a r d s .  In  t h e  second p a r t ,  s t o r a g e  was 
made on m a g n e t ic  t a p e  o f  an IBM 727 u n i t .
Because  t h e  v a r i a b l e s  were r e a d  f rom a r e c o r d i n g ,  i t
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was c o n v e n i e n t  t o  use  o n ly  t h e  r e c o r d e r  u n i t s  t o  s p e c i f y  
t h e i r  l e v e l s .  In  so d o in g ,  a  t r a n s f o r m a t i o n  o f  t h e  v a r i a b l e s  
was made a s  t h e  f o l l o w i n g :
F o r  t h e  one i n p u t  c a s e ,
r ^  = +1 f o r W ( i A t )  -  l.-O G.P.M.
= -  1 f o r . W ( i A t )  = 0 .6  G.P.M. (87}
and
Ci = a ^ .  j r 2 ( i A t )  -  (T2 ) LOV  ^ . (88)
where T2 (i A t) is the reactor temperature ( °F)  at time i At,
('^2 ) LOW the steady state reactor temperature at the high
c o o l a n t  f l o w  r a t e  and a = 10 s c a l e  _u_n. l t g .  3 . 1 2  u n i t s
3 . 2  ^7  n?
F o r  t h e  two i n p u t  c a s e ,
X1 = +1 f o r  W ( i A t )  = 1 .0  G.P.M. (89)
= - 1  for W(i At) = 0 . 6  G.P.M.
Yi = &2 • | r i ( i A t }  -  (Ti )  avg]  (90)
where T ( i At) is the reactor inlet temperature ( °F)  at time
i At, (T]_)^ q^  is the reactor inlet temperature when no heat
is added to the inlet exchanger, and
_ 10 scale units- _ units
"2 ■ 5 .9 °F  '  —
and
= a3 -  (Tj ) lo^  (91)
, ’ 10 s c a l e  u n i t s  . u n i t swhere a^ =  gUp  -  1 .695  " op—
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C o m puta t ions
The c o m p u ta t io n s  o f  t h i s  work have been programmed 
and ru n  on an IBM t y p e  650 d i g i t a l  com puter  a t  t h e  U n i v e r s i t y  
of  Oklahoma Computer  L a b o r a t o r y .  The l a t t e r  p a r t  o f  t h i s  
work - in v o lv in g  two i n p u t  f u n c t i o n s  was ru n  on t h i s  computer  
when augmented w i t h  im m edia te  a c c e s s  s t o r a g e ,  a #305 d i s k  
s t o r a g e  f i l e  and two #727 m a g n e t i c  t a p e  u n i t s .
C o r r e l a t i o n  E s t i m a t e s . The c o r r e l a t i o n  f u n c t i o n  
e s t i m a t e s  were c a l c u l a t e d  from t h e  d i s c r e t e  d a t a  u s i n g  an 
e x p r e s s i o n  o f  t h e  form




E q u a t i o n  (92)  d e f i n e s  a c r o s s - c o r r e l a t i o n  e s t i m a t e  and an 
a u t o c o r r e l a t i o n  e s t i m a t e  i s  s i m i l a r .  The f a c t o r s  on th e  
f a r  r i g h t  were u sed  t o  s u b t r a c t  any  b i a s  o f  t h e  f u n c t i o n  
t h a t  m igh t  o c c u r  when f r a c t i o n s  o f  t h e  t o t a l  r e c o r d  were 
u s e d .
A n o r m a l i z e d  c o r r e l a t i o n  e s t i m a t e  c o u ld  a l s o  be 
computed a s




Time r e q u i r e d  f o r  c o m p u ta t io n s  were a p p r o x i m a t e l y  
p r o p o r t i o n a l  t o  t h e  p r o d u c t  — (T^ ) .  F o r  an
63
a u t o c o r r e l a t i o n  f u n c t i o n  t h e  t im e  r e q u i r e d  was a p p r o x i m a t e l y  
0 .0 2  ( N -Z ^ ) (2^)  s e c o n d s .  F o r  a c r o s s c o r r e l a t i o n  f u n c t i o n  
t h e  t im e  was a p p r o x i m a t e l y  0 .03  s e c o n d s .
F o u r i e r  T r a n s f o r m s . The power s p e c t r a l  d e n s i t y  
e s t i m a t e s  .were o b t a i n e d  by c a l c u l a t i n g  F o u r i e r  t r a n s f o r m s  
o f  t h e  c o r r e l a t i o n  f u n c t i o n  e s t i m a t e s .  The computer  
p rogram  f o r  t h i s  c a l c u l a t i o n  c o n s i d e r e d  t h e  c o r r e l a t i o n  
f u n c t i o n ,  o r  any t im e  ' f u n c t i o n  t o  be t r a n s f o r m e d ,  t o  be 
r e p r e s e n t e d  by s t r a i g h t  l i n e  segm ents  b e t w e e n  d i s c r e t e  
v a l u e s .  A c o n s t a n t  in c re m e n t  l e n g t h  between d i s c r e t e  
v a l u e s  was u s e d .  Sums o f  t e r m s  r e s u l t i n g  from a n a l y t i c a l  
i n t e g r a t i o n  o v e r  each  in c r e m e n t  were added t o  y i e l d  t h e  
t r a n s f o r m .  The e x p r e s s i o n  programmed was
F W ) = \ { t )  d t  (94)
where, if  f(nAt) is the function to be transformed,
= f(nAt)
^  = f  ( (n+l)At - f(nAt)
and
¥j^( t )  = ^ - ( t ) ^ J ^  (95)
T h i s  p r o c e d u r e  a v o i d s  t h e  i n a c c u r a c i e s  a t  h ig h  
f r e q u e n c i e s  w hich  r e s u l t  when t h e  p r o d u c t  f ( n A t ) i s
fo rm ed  and i n t e g r a t e d  by a t r a p e z o i d a l  o r  S im pson’ s r u l e  
m ethod .
Two t y p e s  o f  e r r o r s  can o c c u r  i n  c a l c u l a t i n g  
F o u r i e r  t r a n s f o r m s  by t h i s  m ethod ,  a ssu m in g  t h a t  t h e r e  i s
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no e r r o r  i n  t h e  d i s c r e t e  v a l u e s  g iv e n  t h e  p rogram.  One i s  
t h e  r e p r e s e n t a t i o n  of  t h e  t im e  f u n c t i o n  t o  be t r a n s f o r m e d ,  
f (  A t ) ,  by s t r a i g h t  l i n e  segments  between th e  d i s c r e t e  
v a l u e s .  Of c o u r s e ,  i f  t h e  f u n c t i o n  i s  a s t r a i g h t  l i n e ,  t h i s  
t y p e  e r r o r  does  n o t  o c c u r .  O th e rw ise  f o r  a g iv e n  t im e  
f u n c t i o n ,  t h i s  e r r o r  i n  t r a n s f o r m i n g  v a r i e s  w i th  i n t e r v a l  
l e n g t h .  However,  t h i s  e r r o r  i s  n o t  s e r i o u s  a s  can be seen 
f rom some a c t u a l  r e s u l t s  p r e s e n t e d  in  Appendix C. The 
seco n d  t y p e  o f  e r r o r  i s  due t o  u s i n g  a t r u n c a t e d  r e p r e ­
s e n t a t i o n  o f  t h e  t im e  f u n c t i o n .  Only i f  t h e  t im e  f u n c t i o n  
e x i s t s  beyond t h e  t im e  l i m i t  o f  i n t e g r a t i o n  does  t h i s  e r r o r  
o c c u r .  F o r t u n a t e l y ,  t h e  c o r r e l a t i o n  f u n c t i o n s  o f  random 
f u n c t i o n s  d i m i n i s h  f o r  h ig h  v a l u e s  of  i t ' s  t im e  argument  
so t h a t  t h i s  e r r o r  i n v o l v e d  in  t h e  power s p e c t r a l  d e n s i t y  i s  
n o t  s e r i o u s .  To compensate  f o r  t h i s  t r u n c a t i o n  e f f e c t  and 
y e t  t o  p r e s e r v e  t h e  f r e q u e n c y  i n f o r m a t i o n  o f  t h e  t im e  
f u n c t i o n ,  a w e i g h t i n g  f u n c t i o n  W^ ( t ) h a s  been i n c o r p o r a t e d  
i n t o  t h e  above program .  Th is  f u n c t i o n ,  a s  d e f i n e d  by 
E q u a t i o n  ( 9 5 ) ,  has  been d e v i s e d  by Ross (24)  and i s  d i s c u s s e d  
i n  Appendix  C.
CHAPTER VII  
DISCUSSION OF RESULTS
R e a c t o r  Dynamics 
P r i o r  t o  t h e  c o r r e l a t i o n  d e t e r m i n a t i o n s ,  f r e q u e n c y  
r e s p o n s e  o f  t h e  r e a c t o r  was o b t a i n e d  by two o t h e r  a p p r o a c h e s  
i n  o r d e r  t o  e s t a b l i s h  a b a s i s  f o r  com par ing  a c c u r a c y  o f  t h e  
s u b s e q u e n t  c o r r e l a t i o n  r e s u l t s .  The f i r s t  d e t e r m i n a t i o n  
w a s ,a  t h e o r e t i c a l  a n a l y s i s  a s  p r e s e n t e d ,  i n  Appendix B, and 
t h e  o t h e r  was by an e x p e r i m e n t a l ,  o r  s i u n s o i d a l ,  t e s t i n g .
A com par ison  o f  t h e s e  r e s u l t s  i s  shown i n  F i g u r e s  10 and 11.
The t h e o r e t i c a l  n o r m a l i z e d  f r e q u e n c y  r e s p o n s e ,  a s  
d e t e r m in e d  from t h e  work o f  Appendix  B, i s  a l i n e a r ,  second 
o r d e r  sys tem  d e t e r m in e d  t o  be
^2( = 9 .413
W (jw) ( 9 .4 1 3 -w f )  + 0 1 3 . 0 8 2 *  (96)
where t h e  f r e q u e n c y ,  jOf, i s  i n  r a d i a n s  p e r  m i n u t e .  . A good 
agreem ent  e x i s t s  between t h e s e  r e s u l t s  and s i n u s o i d a l  
t e s t i n g ,  a l t h o u g h  i t  i s  n o t  w i t h i n  t h e  l i m i t s  o f  e x p e r i m e n t a l  
a c c u r a c y .  In  g e n e r a l ,  e x p e r i m e n t a l  p o i n t s  l i e  t o  t h e  r i g h t  
o f  t h e  t h e o r e t i c a l  model  i n d i c a t i n g  t h a t  t im e  c o n s t a n t s  
s m a l l e r  t h a n  t h e  t h e o r e t i c a l  v a l u e s  a r e  in  e f f e c t .  T h is
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FREQUENCY -  RADIANS PER MINUTE
F i g u r e  11
C o m p a r i s o n  o f  T h e o r e t i c a l  and E x p e r i m e n t a l  F r e q u e n c y  R e s p o n s e - - P h a s e  Lag
O'
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d e v i a t i o n  i s  more p ronounced  in  t h e  phase  l a g  d iagram  of  
F i g u r e  11. These d i f f e r e n c e s  a r e  b e l i e v e d  t o  r e v e a l  an 
i n t e r e s t i n g  p o i n t  i n  t h e  dynamic b e h a v i o r  o f  th e  r e a c t o r  
and a r e  d i s c u s s e d  be low .
The second o r d e r  t h e o r e t i c a l  m odel ,  n e g l e c t i n g  
t h e r m a l  c a p a c i t a n c e s  o f  t h e  c o o l i n g  c o i l  w a l l s  and r e a c t o r  
w a l l s ,  has  been v e r i f i e d  by F a n n i n g ’ s e a r l i e r  work (6) t o  
be t h e  more e x a c t  model .  T h is  t h e o r e t i c a l  model  assumes 
p e r f e c t  s t i r r i n g  w i t h i n  t h e  r e a c t o r  and c o n s t a n t  p h y s i c a l  
p a r a m e t e r s .  These p a r a m e t e r s  were c a r e f u l l y  checked f o r  
a c c u r a c y  and t h e  e f f e c t  o f  t h e  o v e r a l l  h e a t  t r a n s f e r  
c o e f f i c i e n t ,  U, v a r y i n g  w i t h  c o o l a n t  f l o w  r a t e  was found  
n o t  t o  change t h e  n o r m a l i z e d  f r e q u e n c y  r e s p o n s e  more th a n  
t h e  w id th  o f  t h e  l i n e  shown i n  F i g u r e  10 and 11. The 
d i s c r e p a n c y  i s  t h e r e f o r e  b e l i e v e d  t o  l i e  i n  t h e  a s su m p t io n  
o f  p e r f e c t  m ix in g .
In  f a c t ,  t h e  f l o w  p a t t e r n s  o f  t h e  r e a c t o r  s u p p o r t  
t h i s  v i e w p o i n t .  The i m p e l l e r ,  n e a r  t h e  bo t to m  of  t h e  
r e a c t o r ,  g e n e r a t e d  f l u i d  f lo w  outward  p a s t  t h e  lower  p o r t i o n  
o f  t h e  c o i l  where most o f  t h e  h e a t  exchange  to o k  p l a c e ,  
upward a ro u n d  t h e  o u t s i d e  o f  t h e  c o i l s ,  and downward 
t h r o u g h  t h e  c e n t e r  o f  t h e  r e a c t o r .  The s e n s i n g  th e r m o c o u p le s  
were i n  t h e  p a t h  o f  t h i s  f l u i d  i n  t h e  o u t s i d e  a t  t h e  t o p .  
Thus,  som e th in g  o f  a  ’’s h o r t  c i r c u i t ” p r o b a b l y  e x i s t e d  which 
c o u ld  a c c o u n t  f o r  an a p p r e c i a b l e  phase  l e a d  and d e c r e a s e  i n  
a t t e n u a t i o n .
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A lthough  t h e s e  two d e t e r m i n a t i o n s  do n o t  ag ree
p e r f e c t l y ,  c o n t i n u o u s  v a l u e s  o f  t h e  t h e o r e t i c a l  f r e q u e n c y
r e s p o n s e  s e r v e  a s  a . g o o d  r e f e r e n c e  and a r e  u s ed  i n  l a t e r
co m p a r i so n s  w i t h  t h e  " c o r r e l a t i o n "  r e s u l t s .
*
S t a t i s t i c a l  D e t e r m i n a t i o n s  f o r  a S i n g l e  I n p u t
The dynamic b e h a v i o r  o f  t h e  e x p e r i m e n t a l  equipm ent  
was f i r s t  i n v e s t i g a t e d  by u s i n g  r e c o r d s  o f  random ly  v a r y i n g  
i n p u t - o u t p u t s  when o n ly  one f o r c i n g  f u n c t i o n  was imposed .  
The r e l a t i o n s h i p  o f  E q u a t io n  (55) was used  t o  d e f i n e  t h e  
sys tem  f r e q u e n c y  r e s p o n s e .  T h is  r e l a t i o n s h i p  i n v o l v e s  t h e  
i n p u t  and c r o s s - p o w e r  s p e c t r a l  d e n s i t i e s .  C a l c u l a t i o n s  
were made a s  d e s c r i b e d  i n  t h e  p r e v i o u s  c h a p t e r  t o  d e t e r m in e  
f i r s t  t h e  a u t o -  and c r o s s - c o r r e l a t i o n  e s t i m a t e s  and t h e n  
t h e  power s p e c t r a l  d e n s i t y  e s t i m a t e s  by F o u r i e r  t r a n s f o r ­
m a t i o n .  To h e l p  e v a l u a t e  t h i s  e x p e r i m e n t a l  t e c h n i q u e  
d e t e r m i n a t i o n s  were made f o r  v a r i o u s  r e c o r d  l e n g t h s  and 
d e g r e e s  o f  w e i g h t i n g  f u n c t i o n s .
C o r r e l a t i o n  E s t i m a t e s . Both  a u t o -  and c r o s s ­
c o r r e l a t i o n  f u n c t i o n  e s t i m a t e s  were c a l c u l a t e d  f o r  t h e  
f o l l o w i n g  r e c o r d  l e n g t h s :
N -  rm = 750
N -  4Tm = 1500
N -  rm = 2250
N -  2'm = 3000
N -  Cm = 3750
N -  rm = 4500
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N -  fm = 5 2 5 0
N -  = 5 5 9 2
The v a l u e ,  N -  i s  t h e  number o f  p r o d u c t s  a v e r a g e d  t o
d e t e r m in e  t h e  c o r r e l a t i o n  e s t i m a t e .  The maximum v a l u e  o f  
d e n o te d  a s  which  was used  i n  t h e  c a l c u l a t i o n s  was
1Ô0 i n c r e m e n t s  o f  t h e  b a s i c  sa m p l in g  p e r i o d ,  1 .93  s e c o n d s .
Or, t h e  maximum d e l a y  was f o r  a t im e  o f  a p p r o x i m a t e l y  5 .8  
m i n u t e s .  S in c e  t h e  l a r g e s t  t im e  c o n s t a n t  o f  t h e  e x p e r i m e n t a l  
equ ipm ent  was I . 3 I  m i n u t e s ,  t h i s  d e l a y  c o r r e s p o n d e d  t o  
a p p r o x i m a t e l y  4 . 4  t im e  c o n s t a n t s ,  f o r  which  any r e s p o n s e
would s e t t l e  t o  a p p r o x i m a t e l y  one p e r  c e n t  o f  i t s  i n i t i a l
v a l u e .
C o r r e l a t i o n  e s t i m a t e s  f o r  v a l u e s  o f  N -  = 750,
3 0 0 0 , and 5592 a r e  shown i n  F i g u r e s  12, 13, and 14 
r e s p e c t i v e l y .  E s t i m a t e s  f o r  t h e  o t h e r  r e c o r d  l e n g t h s  were 
q u i t e  s i m i l a r .  ( R e s u l t s  o f  a l l  c o r r e l a t i o n  f u n c t i o n  
e s t i m a t e s  a r e  on f i l e  i n  d i g i t a l  fo rm  a t  t h e  S c h o o l  of  
Chem ica l  E n g i n e e r i n g ,  U n i v e r s i t y  o f  O k la h o m a . ) C r o s s ­
c o r r e l a t i o n  f u n c t i o n  e s t i m a t e s  a r e  n o r m a l i z e d  a s  e x p r e s s e d  
by E q u a t i o n  ( 9 3 ) .  As r e l a t e d  by E q u a t i o n  ( 5 3 ) ,  t h e  c r o s s ­
c o r r e l a t i o n  f u n c t i o n  i s  t h e  r e s p o n s e  t o  t h e  i n p u t ,  t h e  
a u t o c o r r e l a t i o n  f u n c t i o n .  The e x p e c t e d  v a l u e  o f  t h e  a u t o ­
c o r r e l a t i o n  f u n c t i o n  e s t i m a t e  i s  an i s o s c e l e s  t r i a n g l e  a t  
t h e  o r i g i n  a s  p i c t u r e d  i n  F i g u r e  9 p r e v i o u s l y .  The 
c o r r e l a t i o n  f u n c t i o n s  a p p e a r  t o  a p p r o a c h  t h e i r  e x p e c t e d  
v a l u e s  a s  t h e  r e c o r d  l e n g t h  i n c r e a s e s .  O t h e r w i s e ,  a
Ka C  10 X lO  T O  T H E  CM . 3 5 8 - 1 4  Cm K K U F FtL  ft ta S C R  CO. « « B t l l iu . t  *.
F i g u r e  1 2
C o r r e l a t i o n  E s t i m a t e s  f o r  7 5 0  L a g g e d  P r o d u c t s  - S i n g l e  I n p u t
K*E lO X I O T O T H K C M . 3 5 8 - 1 4K K U F FIL  ft K S S U  C O . « U t i a i l .S .â .
F i g u r e  13
C o r r e l a t i o n  E s t i m a t e s  f o r  3 0 0 0  L a g g e d  P r o d u c t s — S i n g l e  I n p u t
K*£ 10 X to TOTHS eu. 398-14n u p p s L •  n « n C O .  b a m ib
F i g u r e  1 4
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d e f i n i t e  v a r i a n c e ,  o r  " n o i s e , " seems t o  e x i s t .  V a r i a n c e  
o f  t h e  c o r r e l a t i o h  e s t i m a t e  ab o u t  i t s  e x p e c t e d  v a l u e  i s  
t r e a t e d  more f u l l y  i n  Appendix D.
An i n c r e a s e  o f  c o o l a n t  f l o w  cau sed  a d e c r e a s e  i n  
r e a c t o r  t e m p e r a t u r e ;  t h e r e f o r e ,  t h e  c r o s s - c o r r e l a t i o n  
e s t i m a t e  was n e g a t i v e  a s  a r e s p o n s e  t o  t h e  a u t o ­
c o r r e l a t i o n  f u n c t i o n  which  was a p o s i t i v e ,  even p u l s e  a t  t h e  
o r i g i n .  The F i g u r e s  12 t o  14 show t h e  c r o s s - c o r r e l a t i o n  
e s t i m a t e s  n o r m a l i z e d  w i t h  r e s p e c t  t o  t h e i r  v a l u e s  a t  4 r=  0; 
t h e  peak v a l u e s  a r e  t h e r e f o r e  p o s i t i v e .  The maximum v a l u e  
of  c r o s s - c o r r e l a t i o n  o c c u r r e d  a t  a d e l a y  o f  a p p r o x i m a t e l y  
7 s am p l in g  i n c r e m e n t s ,  o r  13 .5  s e c o n d s ,  a f t e r  t h e  o r i g i n  o f  
t h e  i n p u t .  C r o s s - c o r r e l a t i o n  e s t i m a t e s  f o r  2" n e g a t i v e  were 
■ c a l c u l a t e d  o n ly  ou t  t o  ^ = - 6  i n c r e m e n t s  s i n c e  t h e  e x p e c t e d  
v a l u e s  were z e ro  f o r  2“—-5 i n c r e m e n t s .  N e g a t i v e  a rg u m e n t s  
f o r  t h e  a u t o c o r r e l a t i o n s  were n o t  c a l c u l a t e d  e i t h e r ,  s i n c e  
t h e  e x p e c t e d  v a l u e s  were known t o  be even f u n c t i o n s .
S p e c t r a l  E s t i m a t e s . The i n p u t  power s p e c t r a l  
d e n s i t y  e s t i m a t e s  a r e  shown i n  F i g u r e  15 a s  o b t a i n e d  from 
750, 3000,  and 5592 p r o d u c t s .  C a l c u l a t i o n s  i n  t h e  fo rm  o f  
F o u r i e r  t r a n s f o r m a t i o n s  were made on eac h  o f  t h e  a u t o ­
c o r r e l a t i o n  e s t i m a t e s  and a r e  l i s t e d  i n  Tab le  1. The 
e x p e c t e d  v a l u e  o f  t h e  i n p u t  spec t rum ,-  d e r i v e d  i n  Appendix  A, 
i s  a l s o  l i s t e d  f o r  c o m p a r i so n .  I n  e a ch  o f  t h e s e  c a l c u l a t i o n s  
t h e  F o u r i e r  t r a n s f o r m  w e i g h t i n g  f u n c t i o n  f o r  k = 2 was u s e d ;  
t h e r e f o r e  t h e s e  e s t i m a t e s  were smoothed c o n s i d e r a b l y  o v e r
THEORETICAL
—□— N —• T_ » 3 0 0  0
- O — N - r  » 5 0 0 0
F i g u r e  1 5
I n p u t  P o w e r  S p e c t r a l  D e n s i t y  E s t i m a t e s
-ovn
0.01 OI 1.0
FREQUENCY -  RADIANS PER MINUTE
lao 100
TABLE 1
INPUT POWER SPECTRAL DENSITY ESTIMATES





750 1500 2250 3000 3750 4500 5250 5592 Expected
Value
0 .0 3 1 3 .1 4 1 3 .1 4 1 3 .8 8 1 2 .72 11 .03 1 0 .5 7 9 .95 9 .1 2 10 .0
0 .06 1 3 .0 9 12.82 1 3 .7 4 12.44 1 1 .07 1 0 .42 9 . 6 6 9 . 2 2 10.0
0 .12 12.86 12.72 1 3 .52 1 2 .3 0 10.98 1 0 .1 4 9 .4 9 9 .0 2 5 10.0  .
0 .2 4 12 .21 1 2 .3 4 1 3 .2 0 11.95 10 .76 9 . 9 4 9 . 3 1 8.95 10 .0
0 .48 10.22 11.38 1 2 .36 10 .92 1 0 .1 9 9 .4 3 8 .8 1 8 .7 2 10.0
0 .96 6 .66 9 . 7 6 11.99 9 .6 6 9.73 8 .8 9 8 .4 6 8 . 7 0 9 . 9 9
1.92 5 .1 9 6 . 5 7 7 .2 9 9 . 5 0 9.72 8 .16 8 .4 0 8 . 0 9 9 .9 2
3 .8 4 6 . 3 0 7.28 7 . 7 0 9 .3 5 9 .4 2 9 .9 4 9 . 6 7 9 .8 5 • 9 . 6 6
7 .6 8 1 2 .5 4 9 .2 8 9 .5 9 8 .80 9 .0 0 9 • 44 8.68 8 . 5 8 8 . 7 0
1 5 .3 6 4 . 7 4 3 . 8 6 3 .7 5 4 . 3 4 5 .1 9 5.03 5 .28 5.62 5 .6 0
3 0 .7 2 0 .758 . 0 .5 3 2 0 .623 0 .6 2 0 0.549 0 .5 1 2 0 .4 6 6 0 .4 6 9 0 . 4 6 0
6 1 . 4 4 0 .2 5 7 0 .2 0 0 0 .2 5 9 0 .2 5 8 0 .2 5 1 0 .2 4 8 0.287 0 .2 7 7 0 . 3 2 1
. 122.88 0 .0 3 4 9 0 .0 3 1 8 0 .0 2 4 5 0.0221 0 . 0 2 3 1 0 .0 2 7 7 0 .0 2 7 9 0 .0 2 7 7 0 . 0 5 0 4
-oo
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n o n - w e ig h te d  e s t i m a t e s .  The t r a n s f o r m  c a l c u l a t i o n s  were 
t r u n c a t e d  a t  t h e  maximum v a l u e  o f  = 180 s am p l in g  
i n c r e m e n t s .  Only t h e  t h e o r e t i c a l ,  o r  e x p e c t e d ,  v a lu e  i s  
p l o t t e d  i n  t h e  h i g h  f r e q u e n c y  ra n g e  b e ca u se  n o t  enough 
v a l u e s  o f  t h e  e s t i m a t e s  were c a l c u l a t e d  t o  g i v e  t h e  
r e s o l u t i o n  n e c e s s a r y  f o r  d e f i n i n g  c u r v e s .  The e s t i m a t e s  
a t  6 1 .4  r a d i a n s  p e r  m in u te  a r e  w i t h i n  20 p e r  c e n t  a c c u r a c y .
F i g u r e s  16 and 17 show t h e  m agn i tude  and phase  
r e s p e c t i v e l y  o f  t h e  c r o s s - p o w e r  s p e c t r a l  d e n s i t y  e s t i m a t e s .  
The w e i g h t i n g  f u n c t i o n  f o r  k = 2 and a maximum o f  180 t im e  
i n c r e m e n t s  were u sed  in  t h e  F o u r i e r  t r a n s f o r m  c a l c u l a t i o n s .  
The com ple te  r e s u l t s  of  m ag n i tu d e  and phase  a r e  p r e s e n t e d  
i n  T a b le s  2 and 3 r e s p e c t i v e l y .  The d i f f e r e n c e s  i n  
m a g n i tu d e s  a t  low f r e q u e n c i e s  f o r  e a c h  r e c o r d  l e n g t h  i s  
due t o  t h e  f i n i t e  a v e r a g i n g  t i m e s  f o r  t h e  c o r r e l a t i o n  
e s t i m a t e s .
The e f f e c t  o f  sm o o th in g  by u s in g  h i g h e r  o r d e r  
w e i g h t i n g  f u n c t i o n s  can be seen  i n  F i g u r e s  18 and 19. 
M agn i tude  and phase  o f  t h e  c r o s s  power s p e c t r a l  d e n s i t y  
e s t i m a t e  f rom 5592 p r o d u c t s  show smoother  p l o t s  f o r  k = 2. 
The w e i g h t i n g  was found  p a r t i c u l a r l y  u s e f u l  t o  r e c o v e r  
p hase  i n f o r m a t i o n  a t  t h e  h i g h e r  f r e q u e n c i e s .
P r o c e s s  F r e q u e n c y  R e s p o n s e . " F i g u r e  20 s h o w s ' t h e  
n o r m a l i z e d  m a g n i tu d e  r a t i o  o f  t h e  f r e q u e n c y  r e s p o n s e  
d e t e r m in e d  from t h e  s p e c t r a l  d e n s i t y  ' e s t i m a t e s .  N o rm a l i ­
z a t i o n  was p e r fo rm e d  by d i v i d i n g  by t h e  h i g h e s t  v a l u e s  o f
1000,
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CROSS-POWER SPECTRAL DENSITY ESTIMATES -  MAGNITUDE
(FOR WEIGHTING FUNCTION OF k = 2 ) ~
F r e q u e n c y  
R a d ia n s  
P a r  M in u te
N-
750 1300 2230 3000 3750 4500 5250 ' 5592
0.03 2 7 1 . 231. 236. 240. 231. 278. 283. 292.
0.06 270. 2 5 1 . 236. 240. 231. 277. 283. 291.
0 .1 2 269. 249. 236. 239. 230. 276. 284. 290.
0 .24 264. 244. 232. 235. 2 4 6 . 271. 279. 2 83.
0 .4 8 243. 223. 2 1 6. 219. 230. 234. 261. 268.
0 .96 183. 160. 1 7 0 . 172 . 181. 199. - 207. 213.
1.92 1 1 3 . 80.3 89.4 97.0 102. 108. 1 1 6 . 1 1 7 .
3 .8 4 35.9 36.3 40.7 45.0 49.3 57.6 60 .8 6 2 .8
7 .68 32.0 19 .7 2 1 .9 2 1 .7 23.0 26.9 27.6 2 8 .1
15.36 6 . 8 6 4 . 7 8 4 .6 1 3.02 5 .7 4 6.22 6.91 7 .4 4
30.72 0.245 0.409 0 .380 0.303 0.223 0.0984 0 .1 6 1 0.202
6 1 .4 4 0.0608 0.095 0.0606 0.0293 0.0226 0.04847 0.0604 0.0838
122.88 0.0177 0 .0282 0 .0 2 4 1 0.0224 0.0202 0.00392 0.00352 0.00836
O Q .O
TABLE 3
CROSS-POWER SPECTRAL DENSITY ESTIMATES - -  PHASE (DEGREES NEGATIVE)
(FOR WEIGHTING FUNCTION OF k = 2
F r e q u e n c y  ______________________________________
R a d ia n s
P e r  M inu te  750 1500 2250 .3000 3750 4500 5250 5592
0.03 1.97 2 .2 0 1.90 1.88 1.85 1.87 1.83 1.83
0 .06 3 .94 4*4 3.8 3.76 3.71 3.73 3 .66 3.64
0.12 7 .87 8 .8 7.58 7.49 7.40 7.45 7.31 7.25
0 .24 15.60 17.50 15.07 14.90 14.70 14.80 14.50 14.40
0 .48 30 .30 34.00 29.34 29.00 2 8. "0 29.00 28.30 28.30
0 .96 53.2 60.50 53.10 52.50 52.10- 52.90 51.50 51.80
1.92 67 .80 73.70 78.00 -74.80 ''4.30 74.00 73 .80 74.10
3 .8 4 110.10 95.90 95.14 92.30 92.00 89.10 87 .80 89.50
7 .68 107.60 102.00 99.87 100.00 ■' 0 ■— V, • L ' 'si 103.10 103.70 103.40
15.36 111.30 ■ 97.50 108.60 114.80 123.30 129.60 127.70
30.72 126. /O 22.40 29.80 35.10 / ; . 3 0 109.20 153.50 162.10
6 1 .4 4 2 5 8 .9 0 19.8 5 0 .3 0 3 6 .1 0 80 .40 149.0 0 183.20 1 7 4 .0 0
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t h e  s p e c t r a  which  u s u a l l y  was a t  t h e  lo w e s t  f r e q u e n c y  
c a l c u l a t i o n ,  so t h a t  t h e  n o r m a l i z e d  m agn i tude  r a t i o  
( e s t i m a t e )  was c a l c u l a t e d  a s
3 r / ( % i n )  (97)HlZÜT: ■r c  min
S  *[iU . )^  r r  .min
The t h r e e  r e c o r d - l e n g t h  d e t e r m i n a t i o n s ,  f rom 750,  3000,  and 
5592 p r o d u c t s ,  a r e  shown i n  F i g u r e  20 i n  com par ison  w i t h  t h e  
d e r i v e d  and s i n u s o i d  f r e q u e n c y  r e s p o n s e s .
A b e t t e r  ag reem en t  i s  found  when t h e  n o r m a l i z e d  
m ag n i tu d e  r a t i o  i s  d e t e r m in e d  by t h e  u se  o f  t h e  t h e o r e t i c a l ,  
o r  e x p e c t e d  v a l u e  o f  t h e  i n p u t  power s p e c t r a l  d e n s i t y  i n  
E q u a t io n  ( 9 7 ) .  F i g u r e  21 shows t h e s e  r e s u l t s .  T h is  a g r e e ­
ment m igh t  have  been e x p e c t e d ,  s i n c e  i t  i s ,  i n  e f f e c t ,  
o b t a i n i n g  a r a t i o  o f  an e s t i m a t e  and a  known f u n c t i o n  r a t h e r  
t h a n  t h e  r a t i o  o f  two e s t i m a t e d  f u n c t i o n s .
O b s e r v a t i o n s  o f  t h e  m a g n i tu d e  r a t i o  e s t i m a t e s  i n  
F i g u r e  21 and phase  l a g  e s t i m a t e s  i n  F i g u r e  22 show c l e a r l y  
t h a t  t h e  d e t e r m i n a t i o n s  improve  a s  t h e  r e c o r d  l e n g t h s  
i n c r e a s e .  The e s t i m a t e s  f rom t h e  s h o r t  r e c o r d  o f  750 
p r o d u c t s  have  t h e  l a r g e s t  e x c u r s i o n  away f rom  t h e  s i n u s o i d a l  
and t h e o r e t i c a l  v a l u e s .  The d e t e r m i n a t i o n s  f rom  t h e  l o n g e s t  
r e c o r d ,  5592 p r o d u c t s ,  more n e a r l y  a p p r o a c h  t h e  e x p e c t e d  
r e s p o n s e  c u r v e s .  These d i f f e r e n c e s  a r e  b e l i e v e d  t o  be due
1.0
SsiisT H E O R E T I C A L
7 5 0  
3 0 0 0
O— N - T m  = 5  5  9 2  
4— ■ s i n u s o ï d a l  m e a s u r e m e n t
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t o  t h e  f i n i t e  r e c o r d  l e n g t h  e s t i m a t e s  c a l c u l a t e d .  A 
f u r t h e r  e x p l a n a t i o n  i s  b e l i e v e d  t o  l i e  i n  t h e  f a c t  t h a t  some 
" n o i s e "  was g e n e r a t e d  w i t h i n  t h e  p r o c e s s  i t s e l f .  Recorded  
d a t a  showed e v id e n c e  of  low a m p l i t u d e ,  h ig h  f r e q u e n c y  
v a r i a t i o n s  a p p a r e n t l y  a s s o c i a t e d  w i th  t e m p e r a t u r e  e d d i e s  
o f  t h e  r e a c t o r  f l u i d .  The o u t p u t  t e m p e r a t u r e  would th e n  be 
r e l a t e d  t o  t h e  i n p u t  as
c ( t )  =  ^ h(^) (t-A)dA + n( t )  (98)
where n ( t )  i s  t h e  " n o i s e "  imposed upon t h e  r e c o r d i n g s .  Under 
t h e  a s s u m p t io n  o f  h a v in g  e r g o d i c  random v a r i a b l e s  ab o v e ,  a 
c o r r e l a t i o n  r e l a t i o n s h i p  e x i s t s  a s
~  ° I (2--A)dA +
J o
and an e q u i v a l e n t  s p e c t r a l  r e l a t i o n s h i p  e x i s t s  as  
o r  H(/ü) = ^ r n ( ^ )  (100)
î r r l “ >
An a c t u a l  c a l c u l a t i o n  o f  co u ld  n o t  be made s in c e  n ( t  )
w a s ' n o t  r e a d i l y  d i s t i n g u i s h a b l e  i n  t h e  o u t p u t .  However,  
u n d e r  t h e  c o n d i t i o n  t h a t  t h e  v a l u e  o f  0 p ^ ( ^ )  was n e g a t i v e  
t h e  m ag n i tu d e  cu rve  o f  F i g u r e  21 would a p p e a r  h ig h  i f  t h e  
n o i s e  e f f e c t  was n o t  a c c o u n te d  f o r  as.  i n  E q u a t io n  ( 1 0 0 ) .
Phase  l a g  d e t e r m i n a t i o n s  show a r e m a rk a b le  ag reem ent  
w i t h  s i n u s o i d a l  m easurem ents  ou t  t o  a f r e q u e n c y  o f  30 r a d i a n s  
p e r  m i n u t e .  I t  i s  i m p o r t a n t  t o  n o t e  t h a t  t h e  c o r r e l a t i o n
(9 9)
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r e s u l t s  h ere  a g r e e  w i t h  t h e  s i n u s o i d a l ,  or e x p e r i m e n t a l ,  
r e s u l t s  r a t h e r  th an  t h e  l i n e a r  t h e o r e t i c a l  m od e l .  Above 
30 r a d i a n s  per  m in u te ,  t h e  phase  r e s u l t s  were  n o t  r e l i a b l e  -  
a s  e x p e c t e d .  Two r e a s o n s  a re  t h a t  t h e  in p u t  power spectrum  
i s  z er o  a t  b o t h  3 7 . 7  and 7 5 «4 r a d i a n s  per  m inute  and t h e  
f o l d i n g  f r e q u e n c y  was a t  97*5 r a d i a n s  per  m i n u t e .
S t a t i s t i c a l  D e t e r m i n a t i o n s  f o r  Two I n p u t s  
The second  par t  o f  t h e  e x p e r i m e n t a l  work was t h e  
d e t e r m i n a t i o n  o f  t h e  p r o c e s s  f r e q u e n c y  r e s p o n s e  w h i l e  th e  
p r o c e s s  was under th e  i n f l u e n c e  o f  two in p u t  v a r i a b l e s  
s i m u l t a n e o u s l y .  A t y p i c a l  p o r t i o n  o f  th e  e x p e r i m e n t a l  
r e c o r d i n g  o f  t h e s e  v a r i a b l e s  was shown in  F i g u r e  8 .  In th e  
c a l c u l a t i o n s  th e  p r o c e s s  v a r i a b l e s  were s c a l e d  f o r  x ( t )  t o  
r e p r e s e n t  c o o l a n t  f l o w  r a t e ,  y ( t ) ,  th e  r e a c t o r  i n l e t  
te m p er a tu r e  and z ( t )  t o  r e p r e s e n t  t h e  r e a c t o r  o u t l e t  
t e m p e r a t u r e ,  a l l  a s  d e f i n e d  i n  E q u a t io n s  (89)  t o  ( 9 1 ) •  
S p e c t r a  o f  t h e s e  v a r i a b l e s  have t h e o r e t i c a l  r e l a t i o n s h i p s  ' 
s i m i l a r  t o  E q u a t io n s  (66)  and (67)  a s
- = H(a) § ^ ( ^ )  + G(a,) § ^ y ( ^ )  (101)
= H(IU) ^ y ( fU )  + G(A,) ^  (6;) (102)
where H(/w) i s  th e  f r e q u e n c y  r e s p o n s e  f u n c t i o n  betw een  x ( t )  
and z ( t )  a n d  G(fU.) i s  t h a t  be tw een  y ( t  ) and z ( t ) .  I t  i s  t h e  . 
prim ary  o b j e c t i v e  o f  t h e  e x p e r i m e n t a l  work i n  t h i s  s e c t i o n  
t o  s o l v e  f o r  H(ü/) .
C o r r e l a t i o n  E s t i m a t e s . For  th e  ca se  o f  two in p u t
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v a r i a b l e s  t h e  c r o s s - c o r r e l a t i o n  e s t i m a t e s ,  and
a u t o c o r r e l a t i o n  e s t i m a t e s ,  were c a l c u l a t e d  from
r e c o r d  l e n g t h s  up t o  N - ^  = 4800 p r o d u c t s  a t  i n t e r v a l s  o f  
600 e a c h .  In  a l l  t h e s e  c a l c u l a t i o n s  t h e  r ange  o f  2" was 
- 2 1 ^ 2 " —201 i n c r e m e n t s .  T h e r e f o r e  t h e  maximum d e l a y  was 
a p p r o x i m a t e l y  6 .5  m i n u t e s ,  or  a f a c t o r  o f  a p p r o x im a te ly  
f i v e  t i m e s  g r e a t e r  t h a n  t h e  h i g h e s t  p r o c e s s  t ime c o n s t a n t .
F i g u r e s  23, 24, and 25 show r e s u l t s  o f  c o r r e l a t i o n  
e s t i m a t e s  c a l c u l a t e d  from t h i s  e x p e r i m e n t a l  d a t a .  V a lu es  o f  
^ x x ' ^ ' ^ ^  9^ 2* (^) a r e  shown f o r  r e c o r d  l e n g t h s  of  N-2^ =
1800, 3000,  and 4800 p r o d u c t s .  The t h e o r e t i c a l  v a lu e  f o r  
Cj^Y''[T) was ze ro  s i n c e  x ( t )  and y ( t )  were g e n e r a t e d  
i n d e p e n d e n t l y .  C a l c u l a t i o n s  o f  were t h e r e f o r e  made
f o r  r e c o r d  l e n g t h s  ou t  t o  o n ly  N-2^ = 3000.
The c o r r e l a t i o n  e s t i m a t e s  and
a p p e a r e d  s i m i l a r  t o  t h e i r  c o u n t e r p a r t s  i n  t h e  case  of  one 
i n p u t .  The a u t o c o r r e l a t i o n  f u n c t i o n  was i d e n t i c a l
i n  t h a t  i t  a p p e a r e d  a s  an i s o s c e l e s  t r i a n g l e  a t  t h e  o r i g i n  
(2"= 0) w i t h  some v a r i a n c e  abou t  a ze ro  v a lu e  f o r  2 '» 5 * 2  
i n c r e m e n t s  due t o  i t s  b e i n g  a random e s t i m a t e  o f  th e  
e x p e c t e d  v a l u e .  The c r o s s - c o r r e l a t i o n  e s t i m a t e s  on th e  
a v e r a g e  showed maxima a t  a d e l a y  of  a p p r o x i m a t e l y  9 sam p l in g  
i n t e r v a l s ,  o r  17 .4  s e c o n d s ,  a f t e r  t h e  o r i g i n  o f  t h e  i n p u t  
p u l s e .  The v a l u e  of  maximum c r o s s - c o r r e l a t i o n  was =
0 .3 0 4  i n  d i m e n s i p n l e s s  s c a l e  u n i t s  o f  x ( t )  and z ( t ) .  T h is  
v a lu e  compares  w i th  0 .5 8 8  f o r  t h e  one i n p u t  case  where t h e  
r e c o r d i n g  s e n s i t i v i t y  was a f a c t o r  o f  5 . 9 / 3 . 2  g r e a t e r .
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By comparing t h e  e s t i m a t e s  in  F i g u r e s  23,
2 4 , and 25 i t  can be seen  t h a t  each  a p p e a r s  t o  have a  b i a s  
v a lu e  which i s  n o t  z e r o .  That  i s ,  t h e  v a l u e s  o f  th e  
e s t i m a t e s  f o r  l a r g e  |T| ( n e g a t i v e  and p o s i t i v e  v a l u e s )  
a p p e a r  t o  s e t t l e  t o  some v a lu e  o t h e r  th a n  zero  and which 
v a r i e s  w i th  r e c o r d  l e n g t h .  In  s p i t e  o f  t h e  f a c t  t h a t  t h e  
p r o d u c t  o f  a v e ra g e  v a l u e s  o f  b o th  v a r i a b l e s  over  each  
r e c o r d  were s u b t r a c t e d  a s  a b i a s  a s  in  E q u a t io n  ( 9 2 ) ,  t h e r e  
seems t o  be a s l i g h t l y  d i f f e r e n t  b i a s  v a lu e  in  e f f e c t .
T h is  d i f f e r e n c e  a g a in  i s  p r o b a b ly  due t o  t h e  use of  f i n i t e  
r e c o r d  l e n g t h s .
O r d i n a r i l y  t h e  f r e q u e n c y  r e s p o n s e  H (Z:^ ) would be 
s o lv e d  from E q u a t i o n s  (101) and (102) by t h e  r e l a t i o n s h i p
HI  ) .
î x x ' " '  S y y * " '  (103)
However, s i n c e  x ( t )  and Y ( t )  were i n d e p e n d e n t ,
^xy<"> '  ^yx<"> '  °  ( 1 0 4 )
and t h e  s o l u t i o n  f o r  H( i^>) r e d u c e s  t o  
H(u;) = \ ^ { U ) )
% c y ^ ^  (10$)
which i s  i d e n t i c a l  t o  t h e  case  when o n ly  one i n p u t  and no 
n o i s e  s i g n a l  e x i s t .  In . .v iew o f  t h i s  f a c t  t h e  c o r r e l a t i o n  
e s t i m a t e s  o f  ) and <^g(T ) were n o t  computed .  The
c o r r e l a t i o n  e s t i m a t e  (^^y=i'(T) was computed out t o  a r e c o r d  
l e n g t h  o f  N -  T j j j  = 3000 in  o r d e r  t o  d e t e c t  any p o s s i b l e  
c o r r e l a t i o n .  These e s t i m a t e s  a p p e a r e d  m e re ly  a s  random
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f u n c t i o n s  w i t h  v a r i a n c e s  t h a t  d e c r e a s e d  w i t h  r e c o r d  l e n g t h .
S p e c t r a l  E s t i m a t e s . R e s u l t s  o f  i n p u t  power s p e c t r a l
d e n s i t y  e s t i m a t e s ,  § ' i=(iy),-are l i s t e d  i n  Table  4 .  Thexy
i n p u t  v a r i a b l e  x ( t )  f o r  t h e  c a se  o f  two i n p u t s  and t h e  i n p u t  
r ( t )  f o r  one i n p u t  were g e n e r a t e d  i d e n t i c a l l y  and t h e r e f o r e  
t h e  s p e c t r a  o f  were v e r y  s i m i l a r  t o  t h o s e  o f
shown i n  F i g u r e  15. Both have t h e  t h e o r e t i c a l  v a lu e
/  _ \  2
= ^ r r ( ^ )  = ?s s i n  ^ '^s2
( 106 )
a s  d e t e r m in e d  i n  Appendix A, and a p p e a r  to  a p p r o a c h  t h i s  
f u n c t i o n  a s  sample l e n g t h  i s  i n c r e a s e d .  The F o u r i e r  
t r a n s f o r m  c a l c u l a t i o n s  were made u s i n g  t h e  w e i g h t i n g  
f u n c t i o n  f o r  k = 2.
The r e s u l t s  o f  d e t e r m i n i n g  c r o s s - p o w e r  s p e c t r a l  
d e n s i t y  e s t i m â t e s  a r e  l i s t e d  i n  T a b le  5 f o r  r e c o r d
l e n g t h s  o f  N - T m ^ 3600, 4200,  and 4Ô00 p r o d u c t s .  These 
s p e c t r a  a r e  c l o s e  i n  ag reem en t  w i t h  eac h  o t h e r .  The
e s t i m a t e s ,  which  were t r a n s f o r m e d  t o  y i e l d  t h e s e  
s p e c t r a ,  a l l  had a p p a r e n t  b i a s  v a l u e s  c l o s e  t o g e t h e r  b u t  
y e t  two s l i g h t  a d j u s t m e n t s  were made on t h e s e  f u n c t i o n s  
a s  i n p u t  d a t a  t o  t h e  F o u r i e r  t r a n s f o r m  p rogram .  The f i r s t  
was t h a t  e s t i m a t e s  f o r  ea ch  r e c o r d  l e n g t h  were s h i f t e d  i n  
b i a s  so t h a t  e a c h  had t h e  same v a l u e  a t  T = 0 .  T h i s  v a l u e  
o f  was s e l e c t e d  a s  t h e  v a l u e  a t  which  t h e  e s t i m a t e
f o r  N - T „  = 4Ô00 c r o s s e d  t h e  T = 0 a x i s  when i t  was s h i f t e d
TABLE 4
INPUT POWER SPECTRAL DENSITY ESTIMATES -  TWO INPUTS
F r e q u e n c y  
R a d ia n s  
P e r  M inu te
E x p e c te d
Value1800 2400 3000 3600 4200 4800
0.03. 12.31 11.35 9.05 11.77 10 .81 11.39 10 .0
0 .06 12.15 10.87 8.90 11.37 10.79 11.29 10.0
0 .12 12.05 10.77 9.00 11.09 10.74 11.26 10.0
0 .2 4 11.83 . 10.47 8 .86 10.75 10.37 , 10.89 10.0
0 .48 10.95 9.39 8 .26 9.56 9.19 ' 9.65 1 0 .0
0.96 7 .80 6.83 6 .8 7 7.24 6.99 7.65 9.99
1.92 7.73 8.70 14.38 13.89 12.86 12.02 9.92
3 .8 4 12.43 . 13.96 11.93 10.57 9 .8 0 8.91 9.66
7.68 7.37 : 7 .89 8 .69 9 .47 9.93 10.50 8.70
15.36 6.07 6 .2 0 5.36 5.22 5.80 5.69 5.60
30.72 0.439 0.370' 0 .3 8 1 0.398 0.417 0 .4 9 3 0.460
61.44 0.154 0.203 —  —  — 0 .21O 0.213 0.204 0.321
122.88 0.054 0.045 0.038 0.035 0.036 0.0504
o
TABLE 5
CROSS-POWER SPECTRAL DENSITY ESTIMATES -  TWO INPUTS
(WEIGHTING FUNCTION k = 2)
F re q u e n c y  
R a d ia n s  
P e r  M in u te M ag n i tu d e
= 3600
D e g ree s  Lag M a g n i tu d e
= 4200
D eg re e s  Lag M agn i tude
= 4800
D e g ree s  Lag
0 .0 3 2 4 .5 2 .1 9 24 .3 2 .2 6 2 4 .5 2 . 1 9
0 .0 6 2 4 .5 4 . 3 7 2 4 .3 4 . 5 1 2 4 .5 4 . 3 7
0 .1 2 2 4 .3 8 . 7 1 2 4 . 1 9 . 0 0 2 4 .3 8 . 7 4
0 . 2 4 2 3 .7 17 .3 2 3 .5 1 7 .8 2 3 .7 17.3
0.4Ü 2 1 .5 3 3 . 1 2 1 . 1 3 4 . 1 2 1 .6 3 3 . 4
0 .9 6 1 5 .6 5 5 .0 1 4 .9 5 5 .5 1 5 .8 5 6 .8
1 .9 2 1 1 .4 7 9 . 0 1 1 .0 7 6 .7 1 0 .4 8 0 . 1
3 . 8 4 4 .3 7 9 4 . 8 4 .1 4 9 8 .0 3 . 9 8 9 7 . 4
7 .6 8 2 .0 2 1 2 3 .8 1 .9 7 12 5 .7 2 . 0 8 128 .5
15 .3 6 0 . 5 1 5 . 1 5 4 .7 0 .5 3 6 1 5 4 .7 0 .5 2 3 1 5 2 .0
3 0 .7 2 0 .0 2 3 5 125 .2 0 .0 2 3 2 138 .2 0 .0 2 4 3 1 3 3 .4
122 .88 0 .0 0 2 4 6 3 2 1 .9 0 .0 0 2 2 7 3 2 9 . 4 0 .0 0 2 7 1 3 3 5 .4
\o-c
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t o  have an a p p a r e n t l y  ze ro  b i a s .  In  t h i s  manner a l l  
c r o s s - c o r r e l a t i o n  e s t i m a t e s  were b ro u g h t  i n t o  c l o s e  a g r e e ­
ment .  The second  a d j u s t m e n t  was t h a t  c r o s s - c o r r e l a t i o n  
e s t i m a t e s  were made t o  be ze ro  f o r  t h e  n e g a t i v e  v a l u e s  
e x c e p t  f o r  f i v e  d i s c r e t e  v a l u e s  n e a r  t h e  o r i g i n  where t h e  
f u n c t i o n  was a l lo w ed  t o  a p p ro a c h  ze ro  sm ooth ly .
J u s t i f i c a t i o n s  o f  t h e s e  a d j u s t m e n t s  a r e  based  on 
t h e  f o l l o w i n g :  ( 1 . )  F re q u e n c y  i n f o r m a t i o n  o f  i n t e r e s t  i s
c o n t a i n e d  o n ly  i n  t h a t ,  p a r t  o f  the. c o r r e l a t i o n  f u n c t i o n  
away from i t s  b i a s  l e v e l ,  ( 2 . )  The t h e o r e t i c a l  v a lu e  o f  
t h e  c r o s s - c o r r e l a t i o n  f u n c t i o n  was zero  f o r  n e g a t i v e  v a l u e s  
e x c e p t  t h o s e  n e a r  t h e  o r i g i n  which were p a r t  o f  t h e  r e s p o n s e  
t o  t h e  a u t o c o r r e l a t i o n  p u l s e .
T ab le  6 l i s t s  r e s u l t s  o f  c r o s s -p o w e r  s p e c t r a l  
e s t i m a t e s  d e t e r m in e d  f o r  d i f f e r e n t  w e i g h t i n g  f u n c t i o n s .  
C o n s i d e r a b l e  smooth ing  o f  t h e  m a g n i tu d es  i s  a c h i e v e d  o v e r  
t h e  u n w e ig h te d ,  t r u n c a t e d  e s t i m a t e .  The low f r e q u e n c y  
p o r t i o n  o f  t h e  m a g n i tu d es  i s  a f f e c t e d  somewhat due t o  t h e  
f a c t  t h a t  t h e  t o t a l  a r e a  u n d e r  t h e  cu rve  d e s c r i b e d  by
(T ) (T ) i s  d e c r e a s e d  a s  t h e  w e i g h t i n g  i s  i n c r e a s e d .
P r o c e s s  F req u en cy  R e s p o n s e . I n i t i a l  d e t e r m i n a t i o n s  . 
o f  p r o c e s s  f r e q u e n c y  r e s p o n s e  were a t t e m p t e d  by t h e  u se  of  
E q u a t io n  ( 1 0 1 ) ,  which i n c l u d e s  t h e  e f f e c t  o f  i n p u t  c r o s s ­
power s p e c t r a l  d e n s i t y  a s
i x z ( " ^ )  ^  H ( ü ^ )  i x x ( " ^ )  +  G ( / ü )  ( 1 0 1 )
The r e s p o n s e ,  G(û'), was d e r i v e d  from t h e  r a t h e r  s im p le
TABLE 6
EFFECT OF WEIGHTING FUNCTION ON CROSS POWER SPECTRAL DENSITY ESTIMATE
(N-Z^ = 4200)
F r e q u e n c y  
R a d ia n s  
P e r  M in u te
U n w e i g h t e d - ' 
T r u n c a t e d  
M ag n i tu d e  P hase  Lag
k
M ag n i tu d e
= 1 
P h ase  Lag
k
M ag n i tu d e
= 2 
P h ase  Lag
0.03 31 .7 3.21 27.2 2 .64 24.3 2.26
0 .06 3 1 .7 6.42 27.1 5.26 24.3 4.51
0 .1 2 3 1 .3 12.8 26 .8 . 10.5 2 4 . 1 9.00
0 .24 29.8 25.4 ' 25.8 20 .7 23.5 17.8
0 .4 8 2 4 . 1 48.2 22.3 39.3 2 1 . 1 3 4 . 1
0.96 11 .5 61.9 13.9 58.9 14.9 55.5
1.92 11.9 81.9 1 1 .4 77 .8 1 1 .0 76.7
3 .8 4 4.63 97 .8 4:18 97.3 4 . 1 4 9 8 .0
7 .68 1.86 1 16 .5 1.97 ' 124.6 1.97 1 25 .7
15.36 0.672 158.4 0.559 154.5 0.536 154.7
30.72 0.00205 329:0 0.0217 138.0 0.0232 138.2
6 1 .4 4 0.00477 1 1 5 .7 0.0102 45.7 0.00977 46.3
122.88 O.ÙO8O4 321.7 0.00244 328.9 0.00227 329.4
\ D\0
1 0 0
dynamic  e q u a t i o n s  o f  t h e  p r o c e s s ,  and e s t i m a t e s  o f  ea c h
s p e c t r a l  dens i ty ,  5 » and . The e q u a t i o n
was t h e n  s o l v e d  f o r  H ( ^ ) .
R e s u l t s  f rom t h i s  d e t e r m i n a t i o n  were o f  no 
s i g n i f i c a n t  v a l u e ,  p r i m a r i l y  due t o  t h e  f a c t  t h a t  v a r i a n c e  
o f  t h e  e s t i m a t e  was t o o  l a r g e  i n  m a g n i tu d e .  T h is
v a r i a n c e  i n d i c a t e s  t h a t  t h i s  method would demand e x t r e m e l y  
long  r e c o r d s  f o r  i d e n t i f y i n g  m u l t i - i n p u t  sy s tem s  where t h e  
i n p u t  f u n c t i o n s  a r e  c o r r e l a t e d .
However,  s a t i s f a c t o r y  r e s u l t s  were o b t a i n e d  u s i n g  
t h e  a s s u m p t i o n s  t h a t  t h e  i n p u t  c r o s s  power s p e c t ru m ,
(zz;) ,  was z e r o .  R e s u l t s  a r e  shown in  F i g u r e  26 f o r  t h e  
n o r m a l i z e d  m ag n i tu d e  r a t i o  and i n  F i g u r e  27 f o r  p h ase  l a g .  
Both  a r e  d e t e r m i n a t i o n s  f o r  r e c o r d  l e n g t h s  o f  N - T ^  " 4800.  
T a b le  7 l i s t s  r e s u l t s  f o r  t h r e e  d i f f e r e n t  r e c o r d  l e n g t h s .
The n o r m a l i z e d  f r e q u e n c y  r e s p o n s e s  were d e t e r m in e d  by t h e  




where B{ie) r e p r e s e n t s  t h e  n o r m a l i z e d  f r e q u e n c y  r e s p o n s e  o f  
t h e  f i l t e r  u se d  t o  a t t e n u a t e  h i g h e r  f r e q u e n c y  n o i s e  and 
t h u s  m in im ize  a l i a s i n g  o f  t h e  n o i s e .  , I t  s h o u ld  be n o t i c e d  
t h a t  t h e  t h e o r e t i c a l  i n p u t  s p e c t r a  were u s ed  .for  t h e  above 
d e t e r m i n a t i o n s .  The f i l t e r  Bi^W) had b r e a k  f r e q u e n c i e s  a t  






F i g u r e  26
N o r m a l i z e d  P r o c e s s  M a g n i t u d e  R a t i o  f rom  
S p e c t r a l  D e n s i t y  E s t i m a t e s - ' Two I n p u t s
l l l l l i l ' i l  I  I T T T1 1  I I I
0.01 0.1 1.0









F i g u r e  27
P r o c e s s  P h a s e  La g f r o m  S p e c t r a l  D e n s i t y  
E s t i m a t e s -  -T w o I n p u t s
M i N i i i i n i i i
O
too
FREQUENCY -  RADIANS PER MINUTE
TABLE 7
NORMALIZED PROCESS FREQUENCY RESPONSE RESULTS -  FOR TWO INPUTS
F r e q u e n c y N-^m= 3600 N- Cm = 4200 N- 4800
R a d ia n s
P e r  M inu te M agn i tude P hase  Lag M ag n i tu d e Phase  Lag M ag n i tu d e Phase  Lag
R a t i o Degree R a t i o Degree R a t i o Degree
0.03 I .O 2 . 1 9 1 .0 2.26 1 .0 2.19
0.06 0.998 4 .3 7 1 .0 4.51 1 .0 4.37
0.12 0.991 8.71 0.992 9.00 0.991 8.74
0 .2 4 0.966 17.25 0 .965 17.8 0 .968 17.32
0 .48 0.876 33.14 0 .868 34.1 0.882 33.41
0 .9 6 0.635 55.7 0.613 56.2 0.645 56.0
1.92 0.467 77.4 0.453 75.2 0.426 78 .5
3 .8 4 0.183 91.7 0.175 95.0 0 .168 94.3
7 .6 8 0.0950 117.7 0.093 119.6 0.0980 122.4
15.36 0.0379 142.5 0 .399 142.5 0.0363 139.7
30.72 0.0222 101.5 0.0222 114.5 0.0203 109.7
6 1 .4 4 0.0151 — 0.0157 - 0 .0161 1 6 6 .4
122.83 0.0362 — 0.0342 0.0395 2 6 6 .4
o
1 0 4
o n l y  i n  t h e  h i g h  f r e q u e n c i e s .  The s p e c t r a l  e s t i m a t e s  were 
c a l c u l a t e d  u s i n g  t h e  w e i g h t i n g  f u n c t i o n  k = 2 .
W ith  r e f e r e n c e  t o  F i g u r e  26,  m ag n i tu d e  r a t i o s  
a p p e a r  t o  a g r e e  q u i t e  w e l l  w i t h  e x p e r i m e n t a l ,  o r  s i n u s o i d a l ,  
m ea su rem e n ts  o u t  t o  a p p r o x i m a t e l y  20 r a d i a n s  p e r  m inu te  
where t h e  i n p u t  i s  a t t e n u a t e d  by a  f a c t o r  o f  a p p r o x i m a t e l y
0 . 0 3 .  I t  i s  i n t e r e s t i n g  t o  n o t e  t h a t  above t h i s  f r e q u e n c y  
t h e  c o n v e n t i o n a l ,  s i n u s o i d a l  m e asu rem en ts  a l s o  co u ld  n o t  be 
made w i t h  d e s i r a b l e  a c c u r a c y  due t o  low s i g n a l - t o - n o i s e  
r a t i o s .  F l u c t u a t i o n s  i n  t h e  r e c o r d e d  t e m p e r a t u r e ,  cau sed  
by eddys  o f  f l u i d  a t  v a r y i n g  t e m p e r a t u r e s ,  were o f  t h e  
same a m p l i t u d e s  a s  t h e  s i n u s o i d a l  r e s p o n s e .  While t h e  
s i n u s o i d a l  m ea su re m e n ts  and t h e  s t a t i s t i c a l  r e s u l t s  a g re e  
w e l l  i n  m a g n i tu d e  r a t i o ,  t h e y  b o t h  show l e s s  a t t e n u a t i o n  
t h a n  t h e  t h e o r e t i c a l  model  p r e d i c t s .  T h i s  r e s u l t  i s  
f u r t h e r  v e r i f i c a t i o n  o f  a s l i g h t l y  i n a c c u r a t e  m a t h e m a t i c a l  
model .
Phase  l a g s  d e t e r m in e d  by c o r r e l a t i o n  a s  shown in  
F i g u r e  2? a g r e e  c l o s e l y  w i t h  s i n u s o i d a l  and t h e o r e t i c a l  
r e s u l t s  i n  t h e  low f r e q u e n c i e s  o u t  t o  a p p r o x i m a t e l y  20 
r a d i a n s  p e r  m i n u t e .  However ,  t h e  ag re em e n t  a t  h i g h e r  
f r e q u e n c i e s  i s  n o t  a s  good a s  f o r  t h e  c a s e  o f  one i n p u t  
f u n c t i o n ;  t h e  p h a s e  l a g s  shown by c o r r e l a t i o n  r e s u l t s  a r e  
g e n e r a l l y  h i g h e r  t h a n  e x p e c t e d .
Both  m a g n i tu d e  and* phase  l a g  r e s u l t s  d e t e r m i n e d  by 
t h i s  s t a t i s t i c a l  m ethod a p p e a r e d  t o  be u n r e l i a b l e  above
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20 r a d i a n s  per  minute  f o r  t h e s e  p a r t i c u l a r  t e s t s .  S e v e r a l  
f a c t o r s  combine t o  g i v e  such  e r r o r s  and i t  i s  r a t h e r  
d i f f i c u l t  t o  a s s i g n  t h e i r  c o n t r i b u t i o n s  i n  a q u a n t i t a t i v e  
manner. C e r t a i n l y  no r e l i a b l e  d e t e r m i n a t i o n s  c o u ld  be 
e x p e c t e d  p o s s i b l e  above t h e  f o l d i n g  f r e q u e n c y ,  97*5  
r a d i a n s  per m in u te .  I t  i s  b e l i e v e d  t h a t  t h e  f a c t o r s  
r e s p o n s i b l e  f o r  t h e s e  e r r o r s ,  l i s t e d  in  order  o f  m a g n i tu d e ,  
are  t h e  f o l l o w i n g :
(1)  The c o r r e l a t i o n  f u n c t i o n s ,  and t h e r e f o r e  th e  
s p e c t r a l  d e n s i t y  f u n c t i o n s ,  are  e s t i m a t e s  from  
f i n i t e  l e n g t h  r e c o r d s .
(2 )  The r e l a t i v e  power in  the  i n p u t  power spectrum  
d e c r e a s e d  r a p i d l y  above th e  f r e q u e n c y  o f  2 
r a d i a n s  per  m in u t e .  At f r e q u e n c i e s  o f  37-7  
and 75-4  r a d i a n s  per  m inute  t h e  in p u t  power 
was z e r o .
CHAPTER V I I I  
CONCLUSIONS
Summary of  E x p e r i m e n t a l  Program 
The f r e q u e n c y  r e s p o n s e  r e l a t i o n  be tween  c o o la n t  
f l o w  r a t e  and r e a c t o r  t e m p e r a t u r e  o f  a l a b o r a t o r y ,  c o n t i n u o u s ,  
s t i r r e d - t a n k ,  c h e m ic a l  r e a c t o r  was f i r s t  d e t e r m in e d  by two 
d i r e c t  a p p r o a c h e s .  These d e t e r m i n a t i o n s ,  u sed  a s  r e f e r e n c e s  
o f  com par ison  f o r  s u b se q u e n t  r e s u l t s  were by d i r e c t  
s i n u s o i d a l  m easu rem en ts  and by a t h e o r e t i c a l  a p p ro a c h  o f  
o b t a i n i n g  f r e q u e n c y  r e s p o n s e  from t h e  d i f f e r e n t i a l  e q u a t i o n s  
o f  an assumed model  of  t h e  p r o c e s s .
Under t h e  r e s p o n s e  t o  a  s i n g l e  random i n p u t  
v a r i a b l e ,  t h e  c o o l a n t  f lo w  r a t e ,  f r e q u e n c y  r e s p o n s e  was 
t h e n  d e t e r m in e d  th r o u g h  t h e  use  o f  t h e  r e l a t i o n s h i p  between 
a u t o -  and c r o s s - c o r r e l a t i o n  f u n c t i o n s  and t h e  im pulse  
r e s p o n s e  o f  a l i n e a r  sy s tem .  C o r r e l a t i o n  e s t i m a t e s ,  were 
c a l c u l a t e d  f rom  r e c o r d e d  o p e r a t i n g  d a t a  f o r  v a r i o u s  r e c o r d  
l e n g t h s .  F o u r i e r  t r a n s f o r m s  o f  c o r r e l a t i o n  e s t i m a t e s  were 
c a l c u l a t e d  t o  y i e l d  e s t i m a t e s  o f  t h e  power s p e c t r a l  d e n s i t i e s  
and t h e  p r o c e s s  f r e q u e n c y  r e s p o n s e .
F re q u e n c y  r e s p o n s e  was d e t e r m in e d  s i m i l a r l y  when t h e
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p r o c e s s  was f o r c e d  by two s t a t i s t i c a l l y  i n d e p e n d e n t  random 
v a r i a b l e s  — c o o l a n t  f lo w  r a t e  and r e a c t o r  i n l e t  t e m p e r a t u r e .
Comparison o f  T h e o r e t i c a l  and S i n u s o i d a l l y  
M easured  F re q u e n c y  Response
An i n t e r e s t i n g  p o i n t  was r e v e a l e d  upon comparing 
f r e q u e n c y  r e s p o n s e  r e s u l t s  between t h e o r e t i c a l  and 
s i n u s o i d a l  m e a s u re m e n ts .  Phase  l a g  of  s i n u s o i d a l  m e a su re ­
m ents  was g e n e r a l l y  l e s s  t h a n  t h a t  p r e d i c t e d  by t h e  r e s u l t s  
o f  t h e  t h e o r e t i c a l  model .  The d i s c r e p a n c y  was th o u g h t  t o  
be due t o  t h e  a s s u m p t io n  o f  p e r f e c t  m ix in g .  I t  was more 
l i k e l y  t h a t  m ix in g  and h e a t  t r a n s f e r  c h a r a c t e r i s t i c s  e x i s t e d  
which  were f u n c t i o n s  o f  t h e  p a r t i c u l a r  geom etry  o f  c o n s t r u c ­
t i o n .  One c o u ld  co n c lu d e  t h a t  optimum p lacem en t  o f  s e n s i n g  
d e v i c e s ,  such a s  t h e r m o c o u p le s ,  in  a r e a c t o r  s h o u ld  be ■ 
d e t e r m in e d  from th e  f l o w  p a t t e r n s  and h e a t  t r a n s f e r  
g e o m e t r i e s .  . L o c a t i o n s  i n  s t r e a m s  o f  h i g h e r  v e l o c i t y ,  and 
which  a r e  a f f e c t e d  more s t r o n g l y  by h e a t  t r a n s f e r  s u r f a c e s ,  
would a p p e a r  t o  p r e s e n t  s l i g h t l y  f a s t e r -  r e s p o n s e s .
S i n g l e  I n p u t  F re q u e n c y  Response  D e t e r m i n a t io n  
Time P a r a m e t e r s
F o r  a d e t e r m i n a t i o n  o f  p r o c e s s  f r e q u e n c y  r e s p o n s e  by 
t h e  " c o r r e l a t i o n "  method a  number o f  p a r a m e t e r s  a r e  l e f t  t o  
t h e  c h o ic e  o f  t h e  e x p e r i m e n t e r .  Such p l a n n i n g  a f f e c t s  t h e  
q u a l i t y  o f  r e s u l t s  and  e x p e r i e n c e  f rom t h i s  work i s  
summarized i n  t h e  f o l l o w i n g  d i s c u s s i o n .
Sam pl ing  Time. A t . Choice o f  a s am pl ing  t im e  i s
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d e t e r m in e d  q u i t e  w e l l  f rom  t h e  N y q u i s t  f o l d i n g  f r e q u e n c y .
The r e s u l t i n g  s p e c t ru m  w i l l  be f o l d e d  a t  t h i s  f r e q u e n c y ,
^  I t  i s  recommended t h a t  t h i s  f r e q u e n c y  be made t o
be a p p r o x i m a t e l y  t w i c e  t h e  h i g h e s t  f r e q u e n c y  o f  i n t e r e s t  i n  
o r d e r  t o  a v o i d  t h i s  f o l d i n g ,  o r  a l i a s i n g .
Maximum C o r r e l a t i o n  A rgum ent .T  m. The v a l u e  o f T  ^ 
can be d e t e r m i n e d  from an a p p r o x i m a t i o n  o f  t h e  h i g h e s t  
p r o c e s s  t im e  c o n s t a n t .  A e q u a l  t o  o r  g r e a t e r  t h a n  4 
( f o u r )  t i m e s  t h e  h i g h e s t  p r o c e s s  t im e  c o n s t a n t  a s s u r e s  t h a t  
a p p r o x i m a t e l y  9Ô p e r  c e n t  o f  t h e  t o t a l  r e s p o n s e  i s  r e c o v e r e d .
R ecord  L en g th .  T . I t  h a s  been  shown t h a t  v a r i a n c e  
o f  t h e  c o r r e l a t i o n  e s t i m a t e s  d e c r e a s e s  p r o p o r t i o n a t e l y  a s  
1 /T^ ,  o r  t h e  s t a n d a r d  d e v i a t i o n  a s  1 /T .  W ith  T ^  s e l e c t e d  
a s  ab o v e ,  t h e  r a t i o  T/t  ^  i s  s i g n i f i c a n t  f o r  q u a l i f y i n g  
r e c o r d  l e n g t h s .  A minimum r a t i o  o f  T/T^ = 15 i s  recommended 
t o  o b t a i n  s i g n i f i c a n t  i n f o r m a t i o n  f o r  d e s i g n  p u r p o s e s .
The e x p e r i m e n t a l  work f o r  t h e - . h i g h e s t  v a l u e ,  T/t ^  = 32 ,  
y i e l d e d  good f r e q u e n c y  r e s p o n s e  d e s c r i p t i o n .
O th e r  F a c t o r s
F u r t h e r  c o n s i d e r a t i o n s  i m p o r t a n t  t o  t h e  c o r r e l a t i o n  
t e c h n i q u e s  a r e  d i s c u s s e d  b e lo w .
System G e n e r a t e d  N o i s e . F r e q u e n t l y  a sy s te m  t o  be 
i d e n t i f i e d  may g e n e r a t e  n o i s e  w i t h i n  i t s e l f .  I f  t h e  n o i s e  
h a s  p o w e r , i n  and above t h e  r a n g e  o f  f r e q u e n c y  i n t e r e s t  t h e  
use  o f  a l o w - p a s s  f i l t e r  ( p r e f e r a b l y  h a v i n g  a s h a r p  c u t - o f f  
a t  t h e  u p p e r  f r e q u e n c y  r a n g e )  i s  q u i t e  h e l p f u l  f o r  m i n i m i z in g
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e r r o r s .  I f  t h e  sys tem  n o i s e  and i n p u t  f u n c t i o n  a r e  known 
t o  be u n c o r r e l a t e d ,  o r  (T ) -  0 ,  no t r o u b l e  a r i s e s .
I n p u t  Pow er . I n p u t  power must be w e l l  d i s t r i b u t e d  
t h r o u g h o u t  t h e  r a n g e  o f  f r e q u e n c y  i n t e r e s t .  I f  o n ly  a 
n a r ro w  r a n g e ,  o r  r a n g e s ,  o f  f r e q u e n c i e s  have power , a c c u r a c y  
i s  l i m i t e d  t o  t h e s e  r a n g e s .  F r e q u e n t l y ,  n o r m a l l y  o p e r a t i n g  
p r o c e s s e s  may have t o  be g i v e n  a d d i t i o n a l  d i s t u r b a n c e s  i n  
o r d e r  t o  c o v e r  a l l  f r e q u e n c i e s  o f  i n t e r e s t .  The e x p e r i ­
m e n t a l  work h a s  shown t h a t  a c c u r a c y  c o u ld  n o t  be o b t a i n e d  
i n  t h e  r e g i o n  o f  ze ro  i n p u t  power .
N u m e r ic a l  T e c h n i q u e s . F o r  t h e  c a l c u l a t i o n  o f  
c o r r e l a t i o n  f u n c t i o n s ,  i t  i s  more d e s i r a b l e  t o  use  r e c o r d s  
h a v in g  z e ro  mean v a l u e s ,  s i n c e  f r e q u e n c y  r e s p o n s e  i s  i t s e l f  
i n f o r m a t i o n  a b o u t  i n c r e m e n t a l  c h a n g e s .  A lso ,  i t  i s  d e s i r a b l e  
t o  s u b t r a c t  ou t  mean v a l u e s  o f  t h e  v a r i a b l e s  o v e r  t h e  r e c o r d  
l e n g t h  u s e d ,  a s  i n  E q u a t i o n  ( 9 2 ) .
The use  o f  a w e i g h t i n g  f u n c t i o n ,  d e v e lo p e d  by Ross ,  
ha s  p ro v ed  u s e f u l  i n  y i e l d i n g  smoothed s p e c t r a  upon 
t r a n s f o r m a t i o n  o f  t r u n c a t e d  t im e  f u n c t i o n s .
A p p l i c a t i o n s
E x p e r i m e n t a l  work h a s  shown t h a t  t h e  method o f  
a u t o - c r o s s c o r r e l a t i o n  and  s p e c t r a l  a n a l y s i s  can y i e l d  
f r e q u e n c y  r e s p o n s e  i n f o r m a t i o n  w i t h i n  t h e  a c c u r a c y  n eeded  
f o r  d e s i g n i n g  most  c o n t r o l  s y s t e m s .  The f a c t  t h a t  t h i s  
t e c h n i q u e  i d e n t i f i e s  a  n o n l i n e a r  sy s te m  i n  t h e  fo rm  o f  a 
b e s t  l i n e a r  sys tem  ( i n  a l e a s t  s q u a r e s  s e n s e )  h a s  been
1 1 0
v e r i f i e d  t o  some e x t e n t .  R e s u l t s  compared t o  t h o s e  o f  a 
l i n e a r  model  and a c t u a l  s i n u s o i d  m easu rem en ts  have c l o s e l y  
f i t t e d  t h e  s i n u s o i d a l  m easu rem en ts .
R e s u l t s  h e r e i n  a r e  n o t  l i m i t e d  m e r e ly  t o  open lo o p ,  
i s o l a t e d  s y s t e m s ;  b u t  t h e  method can be a p p l i e d  t o  any 
dynamic sys tem  w h ich  i s  a component o f  a l a r g e r ,  more 
complex sys tem  j u s t  a s  lo n g  a s  t h e  i n p u t  and o u tp u t  
v a r i a b l e s  can be m e a su red .
Two I n p u t - S i n g l e  O utpu t  F r e q u e n c y  Response D e t e r m i n a t io n  
R e s u l t s  have shown t h a t  f r e q u e n c y  r e s p o n s e  o f  a 
sy s tem  h a v in g  two i n p u t s  can be d e t e r m in e d  t o  a s a t i s f a c t o r y  
d e g r e e  when t h e  two i n p u t s  a r e  n o t  c o r r e l a t e d .  C a l c u l a t i o n s  
i n  t h i s  c a se  have t o  be made u n d e r  t h e  a s su m p t io n  t h a t  t h e  
c r o s s - c o r r e l a t i o n  be tween  i n p u t s  i s  z e r o .
A t t e m p ts  t o  s o lv e  f o r  t h e  f r e q u e n c y  r e s p o n s e  
f u n c t i o n s  f o r  two i n p u t s  l e d  t o  e r r o n e o u s  r e s u l t s  due t o  t h e  
h i g h  m ag n i tu d e  o f  v a r i a n c e  o f  t h e  i n p u t  c r o s s - p o w e r  s p e c t r a l  
e s t i m a t e .  These r e s u l t s  i n d i c a t e  t h a t  i d e n t i f i c a t i o n  o f  
m u l t i - i n p u t  f r e q u e n c y  r e s p o n s e s  would r e q u i r e  e x t r e m e l y  long  
r e c o r d s  f o r  c a l c u l a t i o n  o f  s p e c t r a l  e s t i m a t e s  t o  t h e  d e s i r e d  
d e g r e e  o f  a c c u r a c y .
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APPENDIX A
A u t o c o r r e l a t i o n  o f  a  Random Square  Wave 
Let us  assume t h a t  a  random s q u a re  wave x ( t )  such  
a s  t h a t  shown i n  F i g u r e  2B i s  a member o f  an e r g o d i c  
random p r o c e s s .
+D
-D
- -> Tn < -
F i g u r e  28 
A Random S quare  Wave, x ( t )
The f u n c t i o n  x ( t )  can be e x p r e s s e d  a s
(i t  ( i  + T^) 
x ( t )  -  a .  f o r <
i  = 0 ,  + T _  + 2 T _ , ----- ( 108)L_ '  S* ~ ‘ S
where  t h e  a ^ ’ s a r e  i n d e p e n d e n t  random v a r i a b l e s  t a k i n g  on
t h e  v a l u e s  -D an*d +D w i t h  e q u a l  p r o b a b i l i t y .  '
Le t  us  d e t e r m in e  t h e  a u t o c o r r e l a t i o n  f u n c t i o n  f rom
a  t im e  a v e r a g i n g  . p o i n t  o f  v iew .  I t  i s  e x p r e s s e d  a s
,T
x ( t ) x ( t  + T ) d t  ( 109)
F o r  v a l u e s  o f  j T | ^ T g  t h e  a^»s  a r e  i n d e p e n d e n t  and
1 1 4
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have a  z e r o  mean so t h a t  t h e  a v e r a g e  v a l u e  o f  t h e  p r o d u c t  
x ( t )  x ( t  + T )  i s  z e ro  o r  0 ( t )  = 0 .
When T = 0 ,
^ x x ( O )  = x ( t ^ T  = ( 110)
F o r  v a l u e s  o f  O s  |T|  Z Tg t h e  f r a c t i o n  o f  p r o d u c t s  
x ( t ) x ( t  + T )  which  a r e  c o r r e l a t e d  i s  j u s t  1 - -  | t |  .
The c o r r e l a t i o n  f u n c t i o n  i s  t h e n  
I n  summary.
1- l iL
1- f o r  0 5  | t | 5  Tg 
f o r  | t |  *  Tg ( 111)
I n p u t  Power S p e c t r a l  D e n s i t y
The i n p u t  power s p e c t r a l  d e n s i t y  can be d e t e r m in e d
a s
^ ( T )  e - i * ^ d T“ f  4>y.
■ ” ' L .  [ - « - ] • *  
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APPENDIX B
Derivation of Theoretical System Frequency Response
C o n s i d e r  t h e  eq u ip m en t  a s  shown i n  F i g u r e  29 be low
F i g u r e  29
A Stirred Tank Reactor Model
F o r  t h e  d e r i v a t i o n s  o f  dynamic e q u a t i o n s  c o n c e r n i n g  t h e  
r e a c t o r ,  l e t  u s  make t h e  f o l l o w i n g  a s s u m p t i o n s :
(1)  The r e a c t o r  f l u i d  i s  p e r f e c t l y  s t i r r e d .
(2)  D e n s i t i e s  and h e a t  c a p a c i t i e s  rem a in  c o n s t a n t .
(3) The f l u i d  i n  t h e  c o o l i n g  c o i l  i s  u n i fo rm  in  
t e m p e r a t u r e  t h r o u g h o u t  t h e  l e n g t h  o f  t h e  c o i l  
and  t h i s  t e m p e r a t u r e  i s  t h e  a r i t h m e t i c  a v e r a g e  
o f  i n l e t  and  o u t l e t  c o o l a n t  t e m p e r a t u r e .
(4)  The amount o f  e n e r g y  i m p a r t e d  t o  t h e  r e a c t o r  
f l u i d  by t h e  s t i r r e r  i s  n e g l i g i b l e  and h e a t  
t r a n s f e r  t h r o u g h  r e a c t o r  w a l l s  i s  n e g l i g i b l e .
(5)  The t h e r m a l  c a p a c i t a n c e  o f  t h e  c o o l i n g  c o i l
116
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w a l l  i s  n e g l i g i b l e .
An e n e r g y  b a l a n c e  t a k e n  on t h e  r e a c t o r  f l u i d  y i e l d s
^*^2 = F ( T l - T . )  + UA (Tw-Tn)
d t  Y p  V/»Cp (113)
L i k e w is e ,  an e n e r g y  b a l a n c e  made on t h e  c o o l i n g  w a t e r  
i n s i d e  t h e  c o i l  y i e l d s
£ %  = W (T j -T ^ )  + UA (Tg-T )
d t  M Mep (114)
A c c o rd in g  t o  a s s u m p t io n  (3) ab o v e ,  -T^  . Each
2
v a r i a b l e  can be i n t e r p r e t e d  a s  t h e  sum o f  a s t e a d y  s t a t e  
v a l u e  and a  t im e  v a r y i n g  p a r t ,  such  a s
T2 = Ï 2  +?2 '  (115)
, \  \  ( 116)
W = W + w’ (117)
At s t e a d y  s t a t e  c o n d i t i o n s .  E q u a t i o n  (113) and 
( 1 1 4 ) become,  r e s p e c t i v e l y  ( u s i n g  t h e  d e f i n i t i o n  o f  T^)
0 = ^ )  (T1-T 2 ) + ^  + L  -  (118)
(119)0 = W (To -T, ) + UA / T o -  To -  T,
M ^ ^ Mcp I 2 2
A f t e r  com bin ing  E q u a t i o n  (113) t h r o u g h  (119) and t h e  
d e f i n i t i o n  o f  T^ t h e  t im e  v a r y i n g  p a r t s  o f  t h e  v a r i a b l e s  
can be r e l a t e d  a s
d ? 2 ' = -  /F_  + UA \  T„’ + /UA \ T. » (120)
d t  [Yp Ypcp)  2 [2YpCp)  ^
2(T]  -  f ^ )
118 
W» - /2W + UA \ T, ’
l"M M ^ j  ^ 
i )  ?4'W' + T2’ (121)
Since this system is flow-forced, a.non-linearity 
results in Equation (121) due to the product . This
system of equations was programmed on an analog computer 
and the problem circuit is shown in Figure 3 0. The analog 
computer used was a Donner Scientific, Model 3100D, a part 
of the School of Chemical Engineering Graduate Research 
Process Control Laboratory at the University of Oklahoma. 
Normalized frequency response results obtained with this 
model showed no difference between using the i T term 
and omitting it. The model was therefore considered as being 
linear. The transfer function of the linear model was ■
^2(9)  ^_______ 4,215________
^ S^ + 13.082s + 9.413 (122)
Units of temperature are in °F, flow is in pounds per 
minute, and time is in minutes. Constants for the
coefficients of Equations (120) and (121) are listed in
!
Table (8 ). The impulse response from the above model is
h(t) = .3646 ( e - ' 7 & 4 t  _ g - 1 2 , 32t j  ( 1 2 3 )
The time constants of the equipment were therefore 
approximately 1 .31 minutes and 0 .081 minutes.
— (D— 
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INPUT > [sow] O
D>
[ e o T i ]
M ]
POT SETTIN G S
NO. VALUE
2 .8 2 1 8
3 7 6 3
4 .0 8 6 8
5 .3 6 8 2
6 .6 1 3
7 .3 9 6 3
M
vO
F i g u r e  3 0
A n a l o g  C o m p u t e r  C i r c u i t  f o r  S i m u l a t i n g  R e a c t o r  E q u a t i o n s
• 120
' • TABLE Ô ■ . ;
PARAMETER VALUES OF EXPERIMENTAL EQUIPMENT 
F = 3 2 .0  l b s . / m i n .
V = .7 6 7 1  f t ? .
= 6 2 , h, ,
U = 3 9 . 7  B . T .U . /m i n .  ft^ '. °F 
A = 1 .8 4  f t . ^
Cp = 1 .0  B . T . U . / l b .  °F 
W = 6 .6 6  I b . / m i n .
M = 1 .682  I b .
T^ = 140 °F 





To compute the truncated Fourier transform, 
•T„
F ( ^ )  = f ( t ) e - i * t  d t (124)
by a digital computer the function, f(t) may be represented 
by straight line segments between discrete values as shown 
in Figure 3 1. n+1
n+1
Figure 31
Straight Line Segment Representation of f(t)
Then between t = t^ and t =■ t^+^f we let
f(t) +Pn(t-tn)
An approximation of Equation (124), signified by F*(/f/), 
can be made by
N ^ l  ün+1
F’i'(/ü) ~
n=-N
Because of the analytical integration between discrete
1 2 1
(125)
- 1 ^ +2 r h  "It
_  n ^
(126)
1 2 2
values, the accuracy of this expression depends upon the 
accuracy with which f(t) is represented and not upon the 
"scanning" frequency . Actually, the program used in this 
work incorporated the series of weighting functions 
developed by Ross (2 4) which are
kw,(t) =
(127)
in order to smooth or compensate for the effect of
truncating f(t) at t = = N t. The transform calculation
was therefore
N-1 f n+1
Z  j „  E'kltl] (128)
n=-N
After integration, this Equation (126) can be expressed in 
more suitable form for digital computation as the following:
^  N- 1
cos A»NAt
"(fl'^o) * (2fn-fn+l"fn-l) cosAfnAt
n=l I
+ 1 J f  s in  WnAt + 1 
4/ l-N wAb
[ f _ N - f - ( N - l ) )  cos/tfNAb
^ N - 1 )
n=-l :
+ i  | ( f ^  o o s * N A t - f „ )  - 1  [ ( V ^ H - 1 > At
N - 1
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+ i cos^NAt-f^) - _ 1  sina»NAt
-  2  ( Z ^ n - f n + l - f n - l )  s i n ^ n A ^ ^  (129)
n=l J
where = Wj^(nAt). f(nAt). The program was made to 
transform either an even function, an odd function, or an 
unsymmetrical function. Only the first line of terms is 
evaluated for an odd function. The values of sin. n^At and 
cos nwAt are determined by the identities
sin nwAt = sin(n-l)^ At cos ^  A t  + cos(n-l)wAt sin A/j^ t (1 3 0 ) 
cos nûi^t = cos (n-l)Af Atcos a/At- sin (n-1 ) Ze AtsinA/At (1 3 1) 
so that only the values of sin ü)àx> and cos zuAt are required 
to be found by their series expansion.
R e s u l t s  o f  T ran s fo rm  Program A ccuracy
A ccuracy  o f  S t r a i g h t  L ine  Segment F i t . To t e s t  f o r  
t h e  m ag n i tu d e  o f  e r r o r  i n v o l v e d  i n  r e p r e s e n t i n g  a f u n c t i o n  
by s t r a i g h t  l i n e  s e g m e n ts ,  a s im p le  f u n c t i o n  was t r a n s f o r m e d  
and t h e  r e s u l t s  compared w i t h  i t s  t h e o r e t i c a l  t r a n s f o r m .
The f u n c t i o n  employed was e “ ^ ^ ^ f o r  - 5 . 9 1  — t  — 5*91 and was 
r e p r e s e n t e d  by 394 s t r a i g h t  l i n e  segm ents  o v e r  t h i s  i n t e r v a l .  
The t h e o r e t i c a l ,  t r u n c a t e d ,  F o u r i e r  t r a n s f o r m  o f  t h i s  
f u n c t i o n  i s
r . 71 ■ '
F(/t») < e" 1^ '} = 2^  e"^ costfJtdt =
= 2 „ e“5*91 ( ^ s i n  5.91W-C0S 5.91*)+7 (132)
1-^ar
1 2 4
The co m p ar i so n  i s  l i s t e d  i n  T ab le  9;  t h e  t h e o r e t i c a l  v a l u e s  
a r e  o f  s l i d e  r u l e  a c c u r a c y .  T h is  com par ison  shows t h e  
p rog ram  t o  g i v e  an u n m ea su ra b le  e r r o r  a t  t h e  lower  f r e q u e n c i e s  
and  an e r r o r  o f  o n l y  2% a t  4 d e c a d e s  o f  a t t e n u a t i o n .
A n o th e r  t e s t  was made t o  d e t e r m in e  t h e  e r r o r  
p o s s i b l e  f rom  t h e  combined t r u n c a t i o n  e f f e c t  and s t r a i g h t  
l i n e  segment  f i t  o f  f ( t ) .  The f u n c t i o n  t r a n s f o r m e d  by t h e  
com pu te r  was t h e  t r u n c a t e d  t h e o r e t i c a l  im p u lse  r e s p o n s e  
h { t )  o f  t h e  e x p e r i m e n t a l  equ ipm en t  o r  t h e  d e s i r e d  e x p r e s s i o n  
was
F ( A / ) | ^ ( t ) |  = J^  ( g - . 7 6 4 t  _ g - 1 2 . 3 2 t ) g - i * t  (133)
A m p l i tu d e  f a c t o r s  have been  o m i t t e d  f o r  s i m p l i c i t y .  
The im p u lse  r e s p o n s e  was r e p r e s e n t e d  by 203 segments  o v e r  
t h e  i n t e r v a l  C f f t ^ . 5 3  m i n u t e s .  R e s u l t s  were compared w i t h  
th e  f r e q u e n c y  r e s p o n s e  f u n c t i o n  o f  E q u a t i o n  (122) n o r m a l i z e d  
so t h a t
F(/W) T h e o r . = _________ 9 .413
~ ( 9 . 4 1 3 - a f )  + j l 3 . 0 8 2 d '  (134)
T a b le s  10 an d  11 show t h e  com p ar iso n  o f  r e s u l t s .  The
s u b s c r i p t s  0 t o  1 d e s i g n a t e  t h e  u s e  o f  e x p o n e n t s  0 t o  1
r e s p e c t i v e l y  f o r  t h e  p rogram w e i g h t i n g  f u n c t i o n  Wj^(t).
At t h e  f r e q u e n c y  o f  1 2 2 . Ô r a d i a n s  p e r  m in u te  where 
t h e  f u n c t i o n  i s  a t t e n u a t e d  more t h a n  3 d e c a d e s ,  t h e  
m a g n i tu d e  e r r o r  i s  a p p r o x i m a t e l y  5*5 p e r  c e n t  u s i n g  no 
w e i g h t i n g  f u n c t i o n  and a p p r o x i m a t e l y  7*5 p e r  c e n t  u s i n g  t h e  




COMPARISON OF THEORETICAL AND PROGRAM FOURIER TRANSFORMS
F r e q u e n c y  
( R a d ia n s  P e r  U n i t  Time)
F(W)
( T h e o r e t i c a l )  





.128 1 .97 1.9671
.256 1.878 1.879
.512 1 .5 8 1 1.589





32.77 .0 0171 .001710
65.54 .000410 .000401
131.10 .0001562 .0001567
2 6 2 .1 .00001662 .00001987
524.3 .00001410 .00001556
1048 .00000691 .00000614
2097 - .00000218 -.00000102
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TABLE 10
COMPARISON OF COMPUTED AND THEORETICAL 
PROCESS MAGNITUED RATIOS
F req u e n cy  




F i ( 0 )
.03 .9996 1 .0 1 .0
.06 .9969 .9912 .997
.12 .9878 .9812 .992
.24 .9539 .9526 .971
.48 .8465 .8512 .8939
.96 .6213 .6156 .6803
1.92 .3654 .3622 .4008
3 .8 4 .1863 .1847 .2034
7.68 .08404 .08334 .09155
15.36 .03108 .03088 .03385
30.72 .009263 .009263 .01007
6 1 .4 .002445 .002504 .002657
122.8 .0006197 .0006544 .000667
245.7 .0001558 .000144 .0001646
491.5 .00003896 .0000489 .00004186
983.0 .00000974 .000009829 .000004847
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TABLE 11
COMPARISON OF COMPUTED AND THEORETICAL 
PHASE LAG
F re q u e n c y
(Rad/Min)
k(w)  Theor .  
(D egrees  Lag)
Ao(w)
(D egrees  Lag)
Ai(w) 
(D e g re e s  Lag)
.03 2 .39 2.30 2 .0 4
.06 4.73 4.61 ' 4 .0 8
.12 7.09 7.20 8.12
.24 18.5 18.2 1 6 .1
.48 3 4 .4 3 4 .4 3 1 .1
.96 55.9 56.0 54.2
1 .9 2 77 .1 7 7 .4 76 .8
3 .8 4 9 6 .1 96.5 93.2.
7 .63 116 .2 1 1 7 .1 116.7
1 5 .3 6 1 3 8 .4 1 4 0 .0 139.6
3 0 .7 2 156.7 159.8 158.8
6 1 .4 168.0 173.6 172.2
122.8 173.9 183.6 ■ 185 .1
245.7 1 7 7 .0 160.5 168.8
4 9 1 .5 178.5 185.7 180.6
983 .0 17 9 .2 125 .3 1 1 0 .9
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a p p r o x i m a t e l y  5*5 p e r  c e n t  f o r  no w e i g h t i n g  f u n c t i o n  and 
6 .4  p e r  c e n t  u s i n g  W j ( t ) .  S in c e  t h e  f u n c t i o n  t r a n s f o r m e d  • ’ 
was a p p r o x i m a t e l y  t h e  same a s  t h e  c r o s s - c o r r e l a t i o n  f u n c t i o n  
e x p e c t e d ,  t h e s e  t e s t s  g i v e  a  m easure  o f  b e s t  a c c u r a c y  t o  be 
o b t a i n e d  by t h e s e  n u m e r i c a l  t e c h n i q u e s .
S p e c t r a l  Window o f  W e ig h t in g  F u n c t i o n s
The w e i g h t i n g  f u n c t i o n s  wj^(t) have been used  i n  t h i s  
work t o  o b t a i n  b e t t e r  e s t i m a t e s  o f  f ( t )  w hich  may e x i s t  f o r  
a l l  t  b u t  may be known o n l y  f o r  -T — t  — T. The e f f e c t  o f  
t h e  w%(t )  can a l t e r n a t i v e l y  be v i s u a l i z e d  by t h e i r  
" s p e c t r a l  w indow s ."  The p r o d u c t  o f  t h e  w e i g h t i n g  f u n c t i o n  
and  t h e  t im e  f u n c t i o n  t o  be t r a n s f o r m e d  h a s  an e q u i v a l e n t  
e x p r e s s i o n  i n  t h e  f r e q u e n c y  domain which  i s  a c o n v o l u t i o n  
o p e r a t i o n .  The t r a n s f o r m  o f  t h e  w e i g h t i n g  f u n c t i o n  i s  
som et im es  c a l l e d  a " s p e c t r a l  window" b e c a u s e  o f  t h i s  
c o n v o l v i n g  window. The e q u i v a l e n c e  can b e . r e a l i z e d  t h r o u g h  
t h e  f o l l o w i n g  d e r i v a t i o n .
The p r o d u c t ,  w ^ ( t )  f ( t )  can be w r i t t e n  a s
/ o o  .  00Wjç(^) e ^ " ^  dJul F ( ^ )  e j * t  (1 3 5 )
o r ,  upon  f o rm in g  a d o u b le  i n t e g r a l ,
Wj^(t) f ( t )  = f  d/t/2 f  da/j_ F(^g) e^^^l '^^2^^
J -00  . J -00  ( 1 3 6 )
F o r  t h e  i n n e r  i n t e g r a t i o n  a  change o f  v a r i a b l e  can be made 
s u ch  t h a t  ^ 2. ^ 2  and d6^ = duf. Because  t h e  l i m i t s  o f
1 2 9
i n t e g r a t i o n  a r e  i n f i n i t e ,  t h e y  s t i l l  r em ain  i n f i n i t e  and we 
have
W^( t )  f ( t )  dAfg j T  F(û/2)
By i n v e r t i n g  t h e  o r d e r  o f  i n t e g r a t i o n ,  we f i n d ,





W^( t )  f ( t )  = 1  C(w) e J * t  d&, (139)
J-oo
where C(ü>) i s  a s p e c t ru m  r e s u l t i n g  f rom  t h e  c o n v o l u t i o n  in  
t h e  i n n e r  i n t e g r a l  o f  E q u a t i o n  (13Ô).
I f  t h e  s p e c t ru m  were an im p u lse  a t = 0 ,  a
p e r f e c t  r e c o v e r y  o f  F(/tf) c o u ld  be made. T h i s  s i t u a t i o n  i s  
t h e  d e s i r a b l e  b u t  p h y s i c a l l y  i m p o s s i b l e  c a s e  f o r  i t  r e q u i r e s
t h a t  Wjç(t) be a  c o n s t a n t  f o r  -  °o' ■< t . ^ ° °  . In  g e n e r a l ,  a s
t h e  w i d t h  o f  t h e  (/ü) s p e c t ru m  i n c r e a s e s ,  so does  i t s  
sm oo th ing  a c t i o n  b e c a u s e  o f  t h i s  c o n v o l u t i o n  o p e r a t i o n  
on F(û^).  F i g u r e  32 shows some s p e c t r a  o f  t h e  w e i g h t i n g  
f u n c t i o n s  a s  c a l c u l a t e d  by t h e  t r a n s f o r m  program d e s c r i b e d  
p r e v i o u s l y .  As t h e  amount o f  w e i g h t i n g  ( d e t e r m i n e d  h e r e  
by k) i n c r e a s e s  t h e  s p e c t ru m  s h a p e s  become w id e r  and lower
i n  a m p l i t u d e  a t  t h e  o r i g i n .
K«E 10 X 1 0  T O  T H E  IN C H  . 3 5 8 * 5K E U F F E L &  C S S C R C O . a iO l m U. t .  ».
S p e c t r a  o f
F i g u r e  3 2
W e i g h t i n g  F u n c t i o n s
Go
APPENDIX D
V a r i a n c e  o f  C o r r e l a t i o n  E s t i m a t e s  
I n  m e a s u r in g  dynam ics  by t h e  c o r r e l a t i o n  method i t  
i s  o r d i n a r i l y  d e s i r a b l e  t o  know b e f o r e h a n d  t h e  n e c e s s a r y  
r e c o r d  l e n g t h  t o  use  f o r  any  d e s i r e d  f a c t o r  o f  a c c u r a c y .  
T h i s  s e c t i o n  t r e a t s  t h e  v a r i a n c e  be tween  c o r r e l a t i o n  
e s t i m a t e s  f rom a f i n i t e  r e c o r d  l e n g t h  and t h e  t r u e  
c o r r e l a t i o n  f u n c t i o n s  a s  t h e  r e c o r d  l e n g t h  v a r i e s .
V a r i a n c e  o f  A u t o c o r r e l a t i o n  E s t i m a t e s
C o n s i d e r  t h e  n o r m a l i z e d  a u t o c o r r e l a t i o n  e s t i m a t e  
d e t e r m i n e d  e x p e r i m e n t a l l y  f rom a f i n i t e  r e c o r d  l e n g t h .
T h i s  v a l u e  may be c a l c u l a t e d  a s
V=:c (T ) = ^ x x "   ^L L  “J^T
where t h e  T s u b s c r i p t  r e f e r s  t o  t h e  a v e r a g e  o v e r  a  t im e  T.
Assuming t h a t  x ( t )  i s  a  member o f  an e r g o d i c  random p r o c e s s ,
t h e  i n f i n i t e l y  a v e r a g e d  v a l u e  o f  t h e  above i s
_ 2
V(T) = ^XX^'^) ~ ^
' _ x2  ^ (141)




“  .2 -  2
“T x2 ( 142 )
F o r  t h e  e x p e r i m e n t a l  work h e r e i n ,  v a l u e s  o f  x ( t )  were t a k e n
—2 " Ta s  p l u s  o r  m inus  one so t h a t  x^  and x^ were b o t h  one and 
t h e  mean v a l u e ,  x ,  was z e r o .  F o r  t h i s  ca se  E q u a t io n  (142.) 
t h e n  becomes
E
= E 4 &x*(T) -  = T '  ' 9 ^ x x ^ ^ H 1 - x ^ 2~
(143)
F o r  T = 0,
( )  -  ( 1 - x ^ ^ ) = 0
(144)
F o r  E q u a t i o n  (143) shows.
E <Axx*(T) -  X
z  2 
T
, -  2 
1 —X r p (145)
s i n c e  t h e  t r u e  a u t o c o r r e l a t i o n  becomes z e r o .  In  t h e
-  2e x p e r i m e n t a l  work x^  was found  t o  be q u i t e  s m a l l  so t h a t  
t h e  v a r i a n c e  c o u ld  be a p p r o x im a te d  a s
^ E  [ 0 ^ > : < ( T )  (146)
f o r  T :» Tg. The v a r i a n c e  o f  t h e  n o r m a l i z e d  e s t i m a t e  becomes 
a p p r o x i m a t e l y  e q u a l  t o  t h e  e x p e c t e d  v a l u e  o f  t h e  c o r r e l a t i o n  
e s t i m a t e  s q u a r e d .  Upon t a k i n g  t h e  e x p e c t e d  v a l u e  i n s i d e  t h e
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e q u i v a l e n t  d o u b le  i n t e g r a t i o n ,
tf^[v(Ty| = _ 1  r  d t i  f  d t p  E f x (  tn ) x ( t n+T) x (  t 2 ) x ( t 2+T)l
^ T ^ O  V o  L
When x ( t )  i s  a member o f  an e r g o d i c  random p r o c e s s  which  has  
a G a u s s ia n  p r o b a b i l i t y  d i s t r i b u t i o n ,
, B x ( t j + T ) x ( t 2 ) x ( t j  + ' ^  = + 9 ^ x x ^ )
* (148)
The f u n c t i o n  o f  ^xx^"^  ^ i s  z e ro  i n  t h e  r e g i o n  o f  
Tg. S in c e  we a r e  i n t e r e s t e d  i n  t h e  r e g i o n  o f  T Tg, t h e  
f u n c t i o n  i s  t h e n  z e ro  i n  t h e  r a n g e  o f  i n t e r e s t .  By a 
t r a n s f o r m a t i o n  and i n t e g r a t i o n  u s i n g  E q u a t io n  (14#) i n  (147)
t h e  d o u b le  i n t e g r a l  can be r e d u c e d  t o  '
J
»T
g i T - t )  l ^ x x ^ ( t )  + < 4 x ( t+ T )  < ^ x x l d t
(149)
In  t h e  e x p e r i m e n t a l  work t h e  i n p u t  a u t o c o r r e l a t i o n  
f u n c t i o n  i s  known t o  be
< 4 ^ (T )  = 1 -  ] t J_ f o r  0 =  | T |  2  Tg
^s
= 0 ■ , f o r  | t | >  Tg ( 150 )
S u b s t i t u t i o n  o f  t h i s  i n t o  E q u a t i o n  (149) and i n t e g r a t i o n  
y i e l d s  t h e  r e s u l t
(151)
2 r , n  2‘ I - ' - '  ' -  2T
3T bT-
T h i s  v a r i a n c e  e x p r e s s i o n  i s  i n d e p e n d e n t  o f  T s i n c e  t h e
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a u t o c o r r e l a t i o n  i s  c o n s t a n t  ( z e r o )  f o r  |T| >  Tg. The 
t h e o r e t i c a l  s t a n d a r d  d e v i a t i o n  o f  t h e  a u t o c o r r e l a t i o n  was 
c a l c u l a t e d  f rom E q u a t io n  (151) and shown i n  F i g u r e  (33) 
a s  a f u n c t i o n  o f  r e c o r d  l e n g t h .  In  c om par ison ,  a p p ro x im a te  
v a l u e s  o f  s t a n d a r d  d e v i a t i o n  f o r  t h e  a c t u a l  a u t o c o r r e l a t i o n  
c a l c u l a t i o n s  a r e  shown on t h i s  same f i g u r e .  These l a t t e r  
v a l u e s  were o b t a i n e d  from a u t o c o r r e l a t i o n  c a l c u l a t i o n s  f o r  
Tg-cT o r  i n  t h i s  c a s e ,  f rom 175 i n c r e m e n t a l  v a l u e s  o f
The com par ison  shows a good v e r i f i c a t i o n  of  t h e  
t h e o r y  even f o r  such a r e l a t i v e l y  s m a l l  number o f  e x p e r i ­
m e n t a l  v a l u e s  uAed in  e s t i m a t i n g  t h e ' s t a n d a r d  d e v i a t i o n s .
In  c o n c l u s i o n ,  i t  can be seen  t h a t  by t h e  h e l p  o f  
an e x p r e s s i o n  such a s  E q u a t io n  (149) a  v a r i a n c e  e x p r e s s i o n  
may be u sed  t o  s e l e c t  a d e s i r a b l e  r e c o r d  l e n g t h .  Fo r  t h e  
example h e r e i n  a minimum o f  3000 l a g g e d  p r o d u c t s  might  be 
d e s i r a b l e  f o r  t h e  c o r r e l a t i o n  e s t i m a t e ,  s i n c e  t h e  s t a n d a r d  
d e v i a t i o n  changes  r a p i d l y  up t o  t h a t  r e c o r d  l e n g t h .  These 
c o n s i d e r a t i o n s  assume t h a t  t h e  t r u e  c o r r e l a t i o n  f u n c t i o n  
i s  known, which i s  most l i k e l y  n o t  t h e  c a s e .  However, i f  
t h e  e s t i m a t e s  a r e  u sed  i n  t h e  e x p r e s s i o n  such  a s  E q u a t io n  
( 1 4 9 ) ,  t h e  v a r i a n c e  can ,  a t  l e a s t ,  be a p p r o x im a te d .  In  
t h i s  manner ,  t h e  e x p e r i m e n t e r  can a p p ro x im a te  h i s  a c c u r a c y  
and d e t e r m in e  i t  b e t t e r  a s  he i n c r e a s e s  t h e  r e c o r d  l e n g t h  
u s e d .
V a r i a n c e  of  C r o s s c o r r e l a t i o n  E s t i m a t e s









N r tX IO fS
F i g u r e  3 3
T h e o r e t i c a l  S t a n d a r d  D e v i a t i o n  o f  t h e  A u t o c o r r e l a t i o n  E s t i m a t e
1 3 6  .
d e t e r m i n e d  i n  a q u i t e  s i m i l a r  manner  a s  t h e  a u t o c o r r e l a t i o n  
e s t i m a t e s .  C o n s i d e r  t h e  v a r i a n c e  o f  such  an e s t i m a t e  from 
a, f i n i t e  r e c o r d  l e n g t h  a s
/  = E g > r ,* ( T )  -  (152)
where  i s  t h e  e x p e c t e d  v a l u e  of  t h e  e s t i m a t e
Upon f u r t h e r  e v a l u a t i n g  t h e  above we may w r i t e
 ^ ‘  ^  J q '*'^ 1 J q '**'2 ® [ j - ( t p r ( t 2 ) c ( t j ^ T |
C ( t 2 - ^ T ]  -  9i>^„2(T) (153)
In  s i m i l a r  manner  t o  t h e  p r e v i o u s  s e c t i o n  f o r  members an 
e r g o d i c  random p r o c e s s  and which  have G a u ss ia n  p r o b a b i l i t y  
d i s t r i b u t i o n s ,
E [ r ( t j ^ )  r ( t 2 ) o ( t j ^ + T )  c d g + T ] ]  -  <Aco<’^ 2-'^l>
 ^ - t p  - t g )  (154)
Also  use  o f  t h i s  r e l a t i o n s h i p  i n  E q u a t i o n  (153) a f t e r  a 
t r a n s f o r m a t i o n  and  i n t e g r a t i o n  y i e l d s
/ , T
(T-t) [9i^^(t) 0 ^^(t) +
0
0 r c ( - t + T ) J  d t  (155)
U n f o r t u n a t e l y  t h i s  r e l a t i o n s h i p  r e q u i r e s  much more 
i n f o r m a t i o n  t h a n  w i l l  o r d i n a r i l y  be known. In  f a c t ,  i t  
r e q u i r e s  a knowledge  o f  t h e  sy s tem  dynamics  t h r o u g h  th e  
c r o s s c o r r e l a t i o n  f u n c t i o n  and a l s o  r e q u i r e s  knowledge o f  
a u t o c o r r e l a t i o n s  o f  i n p u t  and o u t p u t .  S i m i l a r  t o  t h e
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r e s u l t s  o f  t h e  p r e v i o u s  s e c t i o n ,  t h e  v a r i a n c e  f o r  a  g iv e n  
T and T may be a p p r o x im a te d  f rom t h e  c a l c u l a t e d  r e s u l t s  
by t h e  u se  o f  E q u a t i o n  (155)»
V a r i a n c e  o f  N o rm a l iz e d  C r o s s c o r r e l a t i o n . The 
v a r i a n c e  o f  a n o r m a l i z e d  c r o s s c o r r e l a t i o n  e s t i m a t e  o b t a i n e d  
from a f i n i t e  r e c o r d  may be e x p r e s s e d  a s
E
r'pC'j:
rc . ( 156 )
I t  can be seen  t h a t  a t  T = 0 t h i s  v a r i a n c e  i s  z e r o .
However t h e  e x a c t  c a l c u l a t i o n  f o r  T = 0 i s  q u i t e  c o m p l i c a t e d  
and w i l l  n o t  be c o n s i d e r e d  h e r e .  K u t in  (28)  h a s  c o n s i d e r e d  
a p p r o x i m a t i o n s  o f  some n o r m a l i z e d  c o r r e l a t i o n  e s t i m a t e  
v a r i a n c e s .
APPENDIX E
LIST OF NOMENCLATURE
a ■^•an a r b i t r a r y  c o n s t a n t
b . = an a r b i t r a r y  c o n s t a n t
c ( t )  = a v a r i a b l e  o f  t im e
.Cp = h e a t  c a p a c i t y  a t  c o n s t a n t  p r e s s u r e
d = o u t s i d e  d i a m e t e r  o f  i n n e r  t u b e ,  e x c e p t  when used
a s  a  d i f f e r e n t i a l  o p e r a t o r
e = base  o f  N a p e r i a n  l o g a r i t h m s ,  2 .71812
f ( t )  = f u n c t i o n  o f  t im e
f j _ ( x , t )  = i - t h  p r o b a b i l i t y  d e n s i t y  f u n c t i o n
g ( t )  = an im p u lse  r e s p o n s e
h ( t )  ' = an im p u lse  r e s p o n s e
j  = im a g in a ry  v e c t o r ,  - 1
k = a c o n s t a n t
n ( t )  = n o i s e  v a r i a b l e
r  = r a d i a l  d i s t a n c e
r ( t )  = f u n c t i o n  of  t im e
s = complex v a r i a b l e  o f  L a p la c e  t r a n s f o r m a t i o n ,  a + j
t  = t im e  v a r i a b l e
X = l o n g i t u d i n a l  d i s t a n c e
x ( t )  -  f u n c t i o n  o f  t im e
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j x ( t j  = a  s e t  o f  random v a r i a b l e s  
x ( t ) ^  = t h e  n - t h  moment o f  x ( t )
y ( t )  = a f u n c t i o n  o f  t im e
%(t )  = a f u n c t i o n  o f  t im e
A = c r o s s  s e c t i o n a l  a r e a
A^(W) = F o u r i e r  t r a n s f o r m  o f  t r u n c a t e d  f u n c t i o n ,  f ( t )
C = c o n c e n t r a t i o n  o f  s o l u t e
D , = d i f f u s i o n  c o e f f i c i e n t
F ( ^ )  = F o u r i e r  t r a n s f o r m  o f  f ( t )
G(w) = F o u r i e r  T ran s fo rm  o f  g ( t )
H(^) = F o u r i e r  T ran s fo rm  o f  h ( t )
F = mass f l o w  r a t e
F j _ ( x , t )  = i - t h  p r o b a b i l i t y  d i s t r i b u t i o n  f u n c t i o n
M = mass o f  l i q u i d  i n s i d e  h e a t  t r a n s f e r  c o i l s
N = t o t a l  number o f  s a m p l in g  i n t e r v a l s  i n  a  r e c o r d
Q = a c o n s t a n t  o f  t im e  above w hich  t h e  im p u lse  r e s p o n s e
i s  a p p r o x i m a t e l y  ze ro
S = t e m p e r a t u r e  o f  f l u i d  i n  s h e l l
S(jlif,x) = power s p e c t r a l  d e n s i t y  o f  t h e  f u n c t i o n  x ( t )
S ( # , x , y ) =  c r o s s  power s p e c t r a l  d e n s i t y  b e tw een  x ( t )  and y ( t )
T = a r b i t r a r y  c o n s t a n t  o f  t i m e ;  o r  t e m p e r a t u r e  where
l o c a l l y  d e f i n e d  i n  t h e  t e x t
U = o v e r a l l  h e a t  t r a n s f e r  c o e f f i c i e n t
V = r e a c t o r  volume
V(t^) = a n o r m a l i z e d  c o r r e l a t i o n  f u n c t i o n
W .= f l o w  o f  c o o l a n t  f l u i d
Wj^(t) = w e i g h t i n g  f u n c t i o n
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X(iü) = F o u r i e r  t r a n s f o r m  o f  x ( t )
Y(w) = F o u r i e r  t r a n s f o r m  o f  y ( t )
Greek Symbols :
= t h e  v a l u e  o f  a  d i s c r e t e  v a r i a b l e
i k  “ g e n e r a l  moment o f  t h e  o r d e r  i  x  k
P = t h e  s l o p e  b e tw een  a d j a c e n t  o r d i n a t e s  o f  a d i s c r e t e
v a r i a b l e
5 ( t )  = D i r a c ’ s d e l t a  f u n c t i o n
n = a  t i m e  v a r i a b l e
A ■ = a t im e  v a r i a b l e
P- = a t im e  v a r i a b l e
^  = 3 .1 4 1 6
P  = d e n s i t y
6 = a t i m e  v a r i a b l e
= a  t i m e  v a r i a b l e  ■
0JQÇ. = a u t o c o r r e l a t i o n  f u n c t i o n  o f  t h e  v a r i a b l e  x ( t )
0 x y  ~ c r o s s - c o r r e l a t i o n  o f  t h e  v a r i a b l e s  x ( t )  and y ( t )
^ x x ( ^ )  “ power s p e c t r a l  d e n s i t y  o f  x ( t )
~ c r o s s  power s p e c t r a l  d e n s i t y  o f  x ( t )  and y ( t )
S u b s c r i p t s :
k = a p o s i t i v e  d i s c r e t e  v a r i a b l e  d e n o t i n g  t h e  d e g r e e
o f  w e i g h t i n g
n = a d i s c r e t e  v a r i a b l e  d e n o t i n g  t im e  a b s c i s s a
m = symbol  d e n o t i n g  a maximum v a l u e
N = t h e  maximum v a l u e  t a k e n  by n
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S u p e r s c r i p t s :
=■'' = symbol d e n o t i n g  an e s t i m a t e
O p e r a t o r ’ s :
3  = o p e r a t o r  o f  p a r t i a l  d i f f e r e n t i a t i o n
d = o p e r a t o r  o f  t o t a l  d i f f e r e n t i a t i o n
E = o p e r a t o r  t o  i n d i c a t e  t h e  e x p e c t e d  v a lu e
? r  = o p e r a t o r  t o  i n d i c a t e  t h e  p r o b a b i l i t y  o f  an e v e n t
o = v a r i a n c e  o p e r a t o r
